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PREFACE. 

This revision of the Practical Algebra is designed as the first 
volume of a series of text-books written to meet the demand for 
a more condensed course in mathematics, necessitated by the in- 
creased time devoted to the professional subjects of marine and 
electrical engineering in the last two years at the Naval Academy. 

To reach this end, the diflBcult algebraic proof of some 
theorems has been omitted, to be taken up later by the more 
simple and complete methods of the Calculus ; and the time thus 
gained has been utilized for the solution of many problems de- 
signed to illustrate theory as well as to gain the important and 
necessary drill in numerical accuracy. 

The methods of Oraphic Algebra ire carried through the 
analysis of linear and quadratic equations, with the end in view 
of eliminating the usual text-book on Conic Sections, which par- 
ticular subject, together with Solid Geometry, will be given, as 
far as required by our course, in the introductory chapter of the 
Calculus. 

We are indebted to Professor H. L. Eice, U. S. Navy, for valu- 
able assistance. 

U. S. Naval Academy, August, 1910. 
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CHAPTEK I. 

Introductory. 

1. Varieties of Humben. — The numbers occurring in elemen- 
tary mathematics are : 

The whole number, also called integer or natural number. 

The indicated imperfect quotient of two integers, or com^non 
fraction. 

The indicated imperfect root of an integer, or surd. 

The negatives of integers, fractions, and surds. 

The indicated even root of a negative number, or an im^inr 
ary. 

Integers and fractions are classed together as rational num- 
bers, all others being irrational. 

Besides imperfect roots, irrational numbers include such 
numbers as ir, the ratio of the circumference of a circle to its 
diameter. 

Bational and irrational numbers are classed together as real 
numbers. We can imagine all the real numbers arranged in 
magnitude on a scale, ranging from zero up through the positive 
numbers and down through the negative numbers; on this scale 
we can fix the position of a real number with any required de- 
gree of accuracy. Thus we can say that \A6 lies between 
2.44949 and 2.44948 because (2.44949) ^ is more than 6, and 
(2.44948)^ is less than 6; it can be shown, too, that ir is more 
than 3.14159 and less than 3.14160, and so on: any irrational 
number can be expressed approximately by a rational number, 
and so used in arithmetic processes. 

Imaginary numbers, on the other hand, have no place in the 
scale of real numbers, but are of an entirely different kind. 
2 



8 Pbaotical Algebra. 

They are useful because operations can be perfonned with them 
that lead to results concerning real numbers^ and because in 
some branches of science^ meaning may be attached to the im- 
aginary number itself. When no meaning is attached to im- 
aginary numbers their occurrence as answers to problems indi- 
cates impossibility of solution. This of course is equally true of 
real numbers; in a problem which asks for a number of men, 
such answers as -f or — 1 are meaningless. 

2. Operations with Surds. — There are two principles in ac- 
cordance with which all simplification of surds must be per- 
formed : 

I. Only integral multiples of the same root of the same num- 
ber can be added or subtracted. 

II. In multiplication or division, 

For instance, V3 + V6 cannot be simplified without evalua- 
tion, but 

(3+ V6) - (5+ VM) = -2+ V6- V9V6= -a-aVe, 

vi=vi = v!, 

and so on. 

3. Operations with Imaginaries. — ^The simplest imaginary is 
V-^, denoted by i. It is defined by the relation 

\A=1\^^=-1, or i*=-l. 



If a is a positive number, V —a is an imaginary, defined by 
the relation 

V— a=VaV^ri, or V— a=tVa. 
Consequently, 
V^V^ = VaV^V6V^l=Va6. (-1) = -Va5. 
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It is important to note that this does not come under the law 
for the multiplication of surds ; i. e., V— aV — 6 is not equal to 
V( — fl) ( — 6), which would be +Va5, the symbol V always 
indicating the positive square root. Until this distinction be- 
comes familiar, the imaginary unit i should be kept separate in 
all operations. 

For example, to multiply 

(V^+\r::3)(V^-2V^), 

rewrite the factors: 

(tV2+iV3) (tV2-2tV3), 
and multiply, remembering that t*= — 1 : 

tV2-2tV3 

-2- V6 
6+ 2V6 

4+ V6. Ans. 

In operations calling for higher powers of imaginaries, it is 
well to notice that 

t»=t, t«=-l, t^=-i, t«=l, etc., 
the powers repeating in cycles of 4. 

4. If a+bi=o+di, then a=o and b=d. 

For the equation may be written, a — c=i(d—h); and since 
the difference between two real numbers can not, by the nature 
of their definitions, be equal to an imaginary number, this equa- 
tion can be true only when (a— c) =0 and (d—b) =0, or a=c, 
b = d. 

This same principle applies also to surds; thus, if 

a-\-Vb=c+VJ, 
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we should have a=c and 6=d, if only Vft andVi are irrational 
numbers. For the equation may be written (a— c) = ( Vd— y/b) , 
in which form (a—c) must be rational or «ero^ while V3— Vft 
can only be irrational or aiero; hence (a—c) and Vd— V6 must 
each equal zero to satisfy the equation. 

5. When two surds, or two imaginary expressions, differ only 
in the sign of the surd or imaginary part, such quantities are 
said to be conjugate. 

Thus, 

a— Vft is conjugate to a-\-Vb 
and 

a— 6t is conjugate to a+6t. 

6. The sum and product of two conjugate surds are rational; 

for 

(a+Vb) + {a-Vb)=2a, 
(a-\-Vi) X (a-Vb) =a^-b. 

7. The sum and product of two conjugate imaginary ezprea- 
sions are real; for 

(a+H) + (a— 6t) =2a, 
{a+bi)xla-bi)=a^-\-b\ 

8. Fractions involving surds in the denominator should gen- 
erally be simplified, by making the denominator rational by 
multiplying both numerator and denominator by the conjugate 
of the denominator. 

Thus, 

2-\rr3 3 4- yds ^ 9-^113 ^ 

3«Vd3><3-l-\r:::::3 ^ 12 
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9. To Fincl the Square Boot of a+V^- — Assume 



Then 



and (Art. 4) 



a-\-Vb=x-{-y-\-2Vxy 



x-\-y=a, (1) 

2V^^Vb. (2) 

Taking the difference of the squares of (1) and (2), and ex- 
tracting the square root of the difference, 

x-y^VaF^. (3) 

If Va*— & is rational, the value of Vi+ Vy is obtained from 
(1) and (3) ; if Va^ — b is not rational, the expression Va+ Vb 
can not be simplified. 

10. To Find the Square Boot of a+bL — ^Assume 

\/a-\-bi=x+yi. 
Squaring^ 

a-\-bi=x^ —y^ •{■2i ' xy. 

Equating the real and imaginary parts, 

x^-f=a, (1) 

2xy-b, (2) 

Adding the squares of (1) and (2) and extracting the square 
root of the sum, 

a:*+J^=V^TP. (3) 

From (1) and (3) the values of a^ and y^ are easily obtained; 
and if Va*-|-6* is rational, the expression may be simplified. 
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Example 1: Find the square root of 129 — 72V3. 
We have from (1) and (2), 

ic+y=129, 
2V^=72V3, 
whence 

x-y=33, 
x=Sl, 
y=48, 
and 

V5-Vy=9-4V5. 

Example 2: Find the square root of — 47H-8V — 3. 
Assume 

V-47+8V-3=a;+yV'^- 
Then 

-47+8V3 . t=ar^-y« + 2a:yt. 

Equating the real and imaginary parts^ 

a:»-j^=-47, 
2a:y=8V3, 
whence 

ir*+y' = 49, 

0^ = 1, 

y«=48, 
and 

a;4-yt=l + 4\A=r3. 

Examples. 

1. Eationalize the denominators of 

25V3-4Vg 10V6-2V7 VT+^-VTZp - 

7V3-5V2' 3V6 + 2V7' Vl+^+Vr^ 

2. Find the square roots of the following surds: 

172-96V3, 454+ 126 V5, 92-8V60. 
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3. Multiply 2V^^ + 3V^ by 4^^-5X^=3. 

A TUT w ^ 1 + V^^ ^ l-\r=:3 

4. Multiply re— s oy rr « ' 

5. Bationalize the denominators of 

1 3\A32-2V^^ , i-yrzi 

2_\rZ3' 3V-2 + 2V-3 l + V-3" 

6. Simplify ^-M and «±^_M5. 

7. Find the square roots of the following imaginaries: 

5-12V^^, 47-8V^, -8V^=1. 

8. Find in their simplest forms the roots of 

a?* -196a;* + 4=0 and ar*-f 150a:* +4761=0. 

Ans. ±(5V2±4V3), ±(\r=^±6V^. 

11. Quadratic Equations. — Any quadratic equation in one 
unknown quantity, x, can be written 

aa:'+6a;+(?=0, 

where a, h, and c are known numbers. Every such equation is 
satisfied by either of the two values 

' 2a * 2a ' 

the two roots. 

It is possible to determine some facts about the roots of any 
quadratic equation without actual solution. 

If b^ — ^ac is less than zero (written 6*— 4ac<0), the roots 
are two conjugate imaginaries. 

If b^ — 4:ac is greater than zero (written &*— 4ac>0), the roots 
are real. 

If &* — 4ac=0, the roots are equal. 

If &* — 4ac>0 and a perfect square, the roots are rational. 

The last relation is of no great importance, but the others are 
very important. 



'1^2 — I 



8 Practical Algebra. 

The quantiiy 6^ — 4flc, since it discriminates among the pos- 
sible sorts of numbers^ is called the discriminant of the equation. 

The sum and product of the roots of any quadratic equation 
can be found by immediate inspection of the equation^ for 

CI 

__/ A . 'Vh*'-'4ac \(_ JL _ V6'~4ao \ 
"V 2a "^ 2a J\ 2a 2a J 

_ &*-(6»-4flg) 

__ , c 
^^^^■"■^ a ' 

Thus, in the equation 5a:»- 79.2x4- 3.28 = 0, 

iFi -f ^2 = 15.84, rCiXj = .656 ; 
the roots are evidently real. 

12. Haxima and Hinima. — ^The greatest value an expression 
can have is called its nummum value; the least, its minimum 
value. Some problems concerning maxima and minima can b« 
solved by applying the principles of the preceding article. 

Example 1: Given y=3-\-5x—2a^y what is the maximum 
value y can have if a? is real, and what is the value of x that gives 
this maximum value to y? 

Find X in terms of y: 

ir=i(5±\/49-8y). 

Clearly the largest value possible for y^ if re is to be real, is ^; 
and when y has this value, a:=-J . If the value of x had not been 
required, it would have been sufficient to equate to zero the dis- 
criminant of 

2x^-5x-'3+y=0, 

getting 

25-8(-3+y)=0, 

whence 
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The fallowing examples are similar. 

Example 2: What limitation is there on the value of 
3a^-10ar+16ifa;isreal? 

Putting 3a?*— 10icH-16=y, the discriminant is 12y— 93, which 
is positive only if y is greater than ^ . -^ is the minimufn value ; 
y may be-^or anything greater. 

Example S: If 9y—9y^ = x^ + 2, and both x and y are real, 
what limitations are there on the values of x and yf 

Solving for x, 

ir=±V(3y-l)(2-3y). 

Solving for y, 

y= ±iV{i-x){i-{-x) +f 

From the first result, it is evident that if y is <i or >f, a: is 
imaginary; from the second result, if a; is <— J or >i, y is 
imaginary, y may have any value from i to f , a; any value from 
-itof 

Eopamphs. 

In each of the following equations decide without solution, 
and if possible without getting the exact value of the discrimi- 
nant, what the nature of the roots is, and also give the sum and 
the product of the roots: 

1. 3a;2-19a:+4=0. 

Ans. Boots are real; sum, ^; product, ^. 

2. 5a:2 + 28a: -65 = 0. 

Ans. Boots real; sum, —^; product, —13. 

3. px^-{-qx=r, p and r being positive. 

4. px^+qx+8=0y p and 8 being positive. 

5. 77a:2- 139a; +62 = 0. 

Find the limitations on the values of the following expressions 
if X must be real : 

6. 7a;-3-2a:2 ^j^^ gx-U-^x^. 

Ans. First part, 3^ maximum value. 

7. a:*-2a;-15 and 2a;2-a;-6. 

Ans. First part, — 16 minimum value. 
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^ x'-b ^ 7-x^ 
o. — o — and — o — • 

Ans, First part, — f mininmiii value. 
9. For what value of a? is (x—a) (6— a:) a maximum? 

it 

Find the limitations imposed on x and y by the following 
relations, if x and y are each real : 

10. a:2+y* = 7y-12. Ans. y<4 and >3, x<^ and >-i. 

11. a^-\-y^=x-\-(S. Ans. ir>-2 and <3, y<|and>-|. 

12. a:*— y^4-6y=5. An^. y<l or >5, re unlimited. 

13. y*4-2rF4-8 = a:^ ^Ins. a:<— 2 or >4, y xmlimited. 

14. Find the limitations on x and the maximum value of the 
radical in y=J(2ar+l) ± V(i+3) (2^^), if x and y are each 
real. 
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Computation. 

13. Contracted Hnltiplioation. — ^The computations that occur 
in the applications of mathematics generally deal with numbers 
that are not exact ; consequently they are designed to attain only 
the degree of accuracy needed, or consistent with the approxi- 
mate data on which they are based. 

If, for instance, the sides of a rectangle are measured to the 
nearest hundredth of an inch and found to be 33.24 in. and 
18.17 in., the most that we can feel sure of is that one side is 
between 33.235 in. and 33.245 in., the other between 18.165 in. 
and 18.175 in. 

The area of the rectangle is found by the following multipli- 
cation, where the six asterisks indicate the absence of figures 
the value of which is unknown, and the last three 
33.24 figures of the product are clearly inaccurate. The 
18.17 result, read to the four significant figures which 



2.3 

3.3 

265.9 

332.4 



268 can be trusted, is 604.0. 

24* In contracted multiplication the process 33.24 

2** of multiplication is reversed, beginning 18.17 



*** with the highest digit of the multiplier, 332.4 



603.9 
604.0 



708 and carrying each partial product only as 265.9 
far as the figures are reliable. We thus 3.3 
begin with the left-hand figure of the 2.3 



* 

2 
2 
3 



multiplier, and place the result so that the decimal 604.0| 
point falls underneath that of the multiplier. 

In multiplying by the successive digits, we cut off one figure 
of the product at each step, but carry the tens of the rejected 
figure to give the first one retained its proper value. 



12 
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If we had made use of the values between which the true 
lengths lie^ we should have found that the area lies between 

33.235x18.165 = 603.7 
and 

33.245X18.175 = 604.2. 

The area found by the contracted method, which is approxi- 
mately the mean of the two limits between which the true area 
lies, is as close as the measurements warrant. 

14. Contracted Division. — ^In the process of contracted di- 
vision the useless figures of the dividend are cut off in a similar 
way ; and we cut off a figure from the divisor at each step, car- 
rying the nearest ten of the discarded figure into the partial 
product. Thus, if we wish to find the reciprocal of 2.302585 to 
the nearest seventh place of decimals, the work is performed as 
follows : 

0.4342945 



2.302585)1. 



.9210340 



2.30258^) .0789660 

690776 

2.3025?^) 



98884 
92103 



2.302^^^) 



2.30^2^^^) 



2mm) 



2.mm) 



6781 
4605 



2176 
2072 



104 
92 

12 
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Examples. 

In each of the examples, carry the work one place further than 
is required in the answer. Zeros between the decimal point and 
the first figure of a number, or zeros between the last reliable 
figure of a number and the decimal point, do not count as " sig- 
nificant figures.^^ 

1. Find the reciprocal of 0.4342945 to six significant figures. 

Ans. 2.30259. 

2. Find the square of 3.1416 to five significant figures. 

Ans. 9.8696. 

3. Find the square of 0.2135 to four decimal places. 

Ans. 0.0456. 

4. Find the square of 0.01723 to five decimal places. 

Ans. 0.00030. 
In each of the following, note what part of each fraction the 
next one is, and so simplify the computation, unless some obvious 
device is easier. 

5. Find to five decimal places 

-Kf)"+«(l)'-'(l)'-«>(f)*' 

(a) when a;=0.1, (b) when a:=0.12. 

Ans. 1.01924+ and 1.02292 + . 

6. Evaluate 4 [ 4 (1 _ ^3 + ^^ ^ ^ + _^) 

" (239 "" 3 X 239V J ' 
getting the result correct to four decimal places. 

7. Find to five decimal places 

and square the result, getting the final answer to five decimal 
places. Ans. 2.71828. 

8. Multiply 0.6931472 by 0.4342945 to seven decimals. 

Ans. 0.3010300. 

15. LogaritlimB. — A far greater saving of time and labor in 
the multiplication, division, involution and evolution of num- 
bers is effected by the use of logarithms. The definition and use 
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of loganthmfl are based on the principles of exponents or indices, 
already known to the reader, which are summarized in the next 
article. 

16. Laws of Indices. — ^If n is a positive whole nnmber, a* 
represents the product of n factors, each, equal to a, and 

a*«a"*=a****, (1) 

(a~)«=(&~)«=a**», (2) 

^=«""^ (3) 



'a*»=a * . (4) 

The above relations hold true whether any of the exponents in- 
volved are fractional or negative, or both. 

From (3), if n=m^ we have a®=-^ =1, and when n=0, we 
have —- =0"**. 

LOOAEITHMS. 

17. If we multiply together three 2's, the result is 8; this 
relation is expressed, according as we emphasize the result, the 
value of a single factor, or the number of factors, in three ways : 

8 is the third power of 2 : 8=2" ; 

2 is the third root of 8 : 2=^8; 

3 is the logarithm of 8 to the base 2 : 3=log2 8. 

18. Definition. — ^In the equation 6^=ri, the exponent I is 
called the logarithm of n to the hose h; thus, the logarithm of 
a number (ti) to a base (b) is the power (Z) to which the base 
must be raised to produce the given number. This relation is 
usually written 

login=l. 
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The number n is frequently called the antilogarithm of J to 
base bj and may be written 

where the symbol log^* is read " antilogarithm/' 

Any positive number except unity may be taken as the base 
of a system of logarithms; negative numbers are excluded be- 
cause the powers of negative numbers may be positive, negative, 
or imaginary, so that it is impossible to represent all numbers as 
powers of a negative number. 

By a system of logarithms is meant the logarithms of all posi- 
tive numbers to a given base. When it is understood that a 
particular system of logarithms is to be used, the suffix denoting 
the base is omitted, and we write, for example, log 2, instead of 
logio 2, where 10 is the base of the system. 

19. Properties of Logaritlims. — We have always l^=n and 
\ogi,n=l as equivalent expressions; that is, 6 to the power I 
equals n, and the logarithm of n to the base 6 equals I, mean the 
same thing. The properties of logarithms are thus simply tiie 
properties of exponents, since a logarithm is always an exponent. 
I. The logarithm of the hose itself is unity, since 

6^ = 6 or logft6 = l. 

II. The logarithm of unity (1) is zero; for 

&« = 1 or log6l = 0. 

III. The logarithm of a product is equal to the sum of the 
logarithms of its factors. 

Let m and n be the factors and x and y their logarithms; 
then 

b^z=m, or logft m=x; 
h^=zn, or logftfi =y. 
We have 

whence, by definition, 

log6(mn) =log6 w+logi, n. 
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IV. The logarithm of the quotient of two numbers is equal 
to the logarithm of the dividend minus the logarithm of the 
divisor. 

Using the same quantities as in III, we have 
or 



logft f -^ j = logft m - logft n. 



V. The logarithm, of any power of a number is equal to the 
logarithm of the number multiplied by the index of the power, 

m=6*, or logft m=x; 

^^^^ m«= {b'Y^b'^y or log6 (m«) =na;. 

But , 

x=iogtm; 

hence ^ - , 

logi,fii.*=n-log6m. 

VI. The logarithm of a root of a number is equal to the logar 
rithm of the number divided by the index of the root. 

Let 

m=b^y or \ogj,m=x; 
then 

or 

log6(m») = l?g^. 

n 

VII. The logarithm of a proper fraction is always a negative 
number, if the base is a whole number. 

This follows at once from IV, where is a proper fraction 

if m<Cn; and we have logam— log^n negative. 
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VIII. The logarithm of zero (0) is always negative infinity, 
if the base is a whole number. 
For we have 



6-^ 






when n is indefinitely great, or, briefly, equal to infinity. That 
is, 

logftO= — 00. 

Examples. 
(To be worked without tables.) 

1. Simplify ^^. Ans. <r«. 

2. Check the result of Example 2 by evaluating each factor 
separately when a=64; when a=81. 

3. Find the values of the following, the last two to three 
decimals * 

(343)-t, (3125)1, (81)-*, (^)-S (10)1, (10)-*. 

Ans. tV> 1^5, i, 31.623, 0.316. 

4. Find to three decimals 10»xlO*-r-10*. Ans. 3.162. 

5. Given that 10' = 2.00 to three significant figures, find 10-* 
from the result of Exsmiple 4, and from 10-*=10-^ (lO-*)*. 

6. Find log, 256, log, 243, log^o .01, loga \ • 

Ans. 8, 5, -2, -4. 

7. Find log,o-^ 3, log,,-^ i, log,o-H-2). 

Ans. 1000, ^9^, 0.01. 

8. Find the base if logi, 9=f, logi, 144=4. Ans. 27, 2 V3. 

9. Qiven_logio 2 = 0.30103; find log^o of 62500, VTM, .0025 
and f^rom. Ans. 4.79588, 0.048455, -2.60206, -0.63436. 

10. Given logio2 and log^o 3 = 0.47712; find the logio of 
5.4, 0.5, 0.6. Am. 0.73239, -0.30103, -0.22185. 

11. With the data of Example 10, find log^o of 1080 and 
(0.0026)*. Ans, 3.03342, -0.28912. 

12. From same data find log^o of 12, 15, 18, 648 and 864. 

Ans. 1.07918, 1.17609, 1.26627, 2.81157. 2.93651 

3 
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20, The invention of logarithms is due to three men : Joost 
Biirgi of Switzerland, John Napier of Scotland, and Henry 
Briggs of England. 

Between 1603 and 1611, Biirgi computed tables for facilitat- 
ing computations, and in 1620 published them under the name of 
Tables of Oeometric Progressions. These tables contained loga- 
rithms of numbers to the base 10. Napier, using the same 
fundamental principle as Biirgi, independently invented what 
were essentially logarithms of sines of angles, and published a 
table of them in 1614. Napier^s logarithms had three defects: 
they were useful only in trigonometric computations, they de- 
creased as the sines increased, and did not make log 1 = 0. 
Briggs, with Napier^s consent, remedied these defects and com- 
puted a table of logarithms to the base 10, such as we now use; 
it was completed by Adrian Vlacq, a Dutch bookseller, who pub- 
lished it for Briggs in 1628. 

One other system of logarithms is in use, having the base 
approximately 2.71828; in many applications of mathematics, 
especially in the Calculus, such logarithms frequently appear; 
they are called natural or hyperbolic logarithms, in distinction 
from the common, or Briggs, logarithms. The natural loga- 
rithms were unknown to Napier, but are often called Napierian 
logarithms. 



21. Common, or Brig^, Log^ritluns. — ^The advantage of this 
system is that the exact powers of 10 between which any number 
lies are easily found ; thus : 

10« =1, logl =0 
10^ =10, log 10 =1 
10» =100, log 100 =2 
10» =1000, log 1000 = 3 
10" =10*, loglO" =n 
10"*i =10«*SloglO'»+' = n-M. 
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Also, 

10-^ =.1, log 0.1 =-1; 
10-»=.01, log 0.01 =-2; 
10-«=.001, log 0.001 =-3. 

It is evident from these numbers and their logarithms that 
the logarithm of any number which is not an exact power of 
10 consists of a whole number followed by a decimal. 

The integral part is called the characieristic, the decimal part 
the mantissa. 

22. To Find the Characteristic of the Common Log^thm 
of a Whole Nnmber. — It is also evident that the characteristic 
of the logarithm of a number greater than unity is less by one 
than the number of digits vn its integrqi part, and is positive. 

For example, 

^10 = 2.1544 
and 

log ^IO = i log 10 = 0.33333+ ; 
thus, 

log 2.1544=0.33333, 

log 21.544= log 2.1544 +log 10 =1.33333, 

log 215.44 = log 2.1644 + log 10^ = 2.33333. 

23. The Characteristic of the logarithm of a Fraction. — 

The same process applied to decimal fractions, numbers less 
than one, gives 

log 0.21544 =log 2.1544 -log 10 =0.33333-1 

= -0.66667, 

log 0.021544 =log 2.1544-log 10«=0.33333-2 

= -1.66667, 

log 0.0021544= log 2.1544-log 10» = 0.33333 -3 

= -2.66667. 
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Negative logarithms are seldom written in that form, but the 
mantissa is made positive by the addition of 10 to the loga- 
rithm and placing — 10 after it, the negative logarithms becom- 
ing 

log 0.21544 = - 0,66667 = 9.33333 - 10, 
log 0.021544 =-1.66667=8.33333-10, 
log 0.0021544 = - 2.66667 = 7.33333 - 10. 

This device gives a positive mantissa to the logarithm of every 
fractional number; sometimes the notation 1.33333, for 

-1 + . 33333, 

is nsed, but it should always be avoided in computations. 

The characteristic of the logarithm of a decimal fraction is 
found hy subtracting from 9 the numier of ciphers between the 
decimal point and the first significant figure, and writing —10 
after the mantissa. 

It is impori:ant to note that the negative logarithm is the 
logarithm of the reciprocal of a numier having the same loga- 
rithm taken positive. 

24. Many tables of common logarithms have been published, 
differing in the number of decimal places to which the mantissa 
is given, but substantially the same in arrangement. In all of 
them only the mantissa is given, as this is the same for all num- 
bers having the same significant figures, the characteristic alone 
fixing the position of the decimal point. They range from four- 
place to ten-place tables, and assure results of computation only 
to as many significant figures as are given in the mantissas. The 
method of using them in practice will be described for Bow- 
ditches Useful Tables (five figures). 

25. To Find the Log^aritlim of a Number from the Tables. — 

The characteristic is determined by the rules already given; if 
the number consists of four figures or less, find the three left- 
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hand figures in the left-hand column of the tables ; opposite this 
number and in the column headed by the fourth figure of the 
given number is the decimal part of the logarithm. Thus the 
logarithm of 3551 is 3.55035, and the logarithm of 3552 is 
3.55047; the logarithm of any number between 3551 and 3552 
will lie between these two logarithms, and within such small 
limits the increase in the logarithm is proportional to the in- 
crease in the number. Thus the logarithm of 3551.5 is midway 
between the logarithms of 3551 and 3552, or it is found by 
adding -j^ of the difference between the logarithms to the lesser 
one; thus log 3551.5 = 3.55035-1- 3^ of .00012 = 3.55041; simi- 
larly log 3551.3 = 3.55035 + ^ of .00012 = 3.55039 ; log 
355.125 = 2.55035 -f- -^ of .00012 = 2.55038. The operation of 
finding the logarithm of a number between those given in the 
table is called interpolation; it is facilitated by small tables 
placed at the side of the page, called tailes of proportional parts. 
On the page of the tables we have been using there is a small 
table headed 12, which is the difference between the logarithms 
of 3551 and 3552. In this table, opposite the fifth figure of the 
given number, we find the amount to be added to the logarithm 
of the first four figures. The logarithms are never to be carried 
beyond five figures. If in the interpolation we obtain a sixth 
figure, we neglect it if it is less than 5, and add one to the fifth 
figure if the sixth figure is 5 or greater. If the given number 
has less than three digits its logarithm may be found from the 
first page of the tables, but it is often more convenient to look 
for the logarithm of the same number with ciphers annexed. 

26. To Find the Number Corresponding^ to a Given Loga- 
rithm (its Antilogarithm) . — ^With the mantissa of the given 
logarithm as a guide, take from the tables the number corre- 
sponding to the nearest smaller mantissa; note the difference 
between the given and the tabular mantissa, and also the differ- 
ence between the latter and the next higher tabular mantissa. 
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The ratio of the first difference to the tabular difference is the 
proportional part of 10 to annex to the four figures of the tabu- 
lar antilogarithm already taken out. Then point off the number 
according to its characteristic 

If a whole number, its integral places a/re one greater than the 
characteristic of the given logarithm. 

If a decimal, the number of ciphers after the dedm/d point 
is indicated by the difference between the given chcwacteristic 
and 9. 

For example, required the antilogarithm of 9.55037—10. 

The next lower tabular mantissa is .55035, corresponding to 
3551; the difference between this mantissa and the given one is 
.00002, while the tabular difference is .00012 ; hence the inter- 
polation is -^ of 10 = 1.6 or 2, making the figures of the antilog- 
arithm 35512. From the given characteristic the required 
number is 0.35512. 

27. Tables for Interpolation. — The work of interpolation is 
greatly facilitated by marginal tables giving the proportional 
parts of each tabular difference corresponding to the fifth place 
of the number, when taking out the logarithm of a number. 
They are, of course, used in the reverse way when seeking the 
fifth place of the number from the mantissa. The tabular dif- 
ferences near the beginning of the table are large, and the loga- 
rithm of a number of six figures may be obtained ; but when the 
differences are small, there is usually no gain in the accuracy of 
the five-figure logarithm by taking account of the sixth signifi- 
cant figure. 

28. The Arithmetical Complement. — ^The logarithm of the 
reciprocal of a number is called the arithmetical complement of 
the logarithm of the number, and is usually written colog. This 
device is used to convert a divisor into a multiplier. Thus, if 
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we have to find the logarithm of ^, we know that log (~fi 

= log 1 — log d = — log d = colog d; therefore we write 

log (^] =loga+log&+logc + cologd. 

If log d= 3.57934, colog d= 6.42068 - 10. 

If log (i= 9.31820 - 10, colog d= 0.68180. 

The colog is most conveniently obtained by subtracting each 
figure of the logarithm from 9, except the last significant figure, 
which is subtracted from 10. The subtraction should begin 
with the left-hand figure, thus writing the colog from left to 
right 
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following : 




log 


0.0075329 = 


7.87696-10. 


log i 


3426 = 


3.53479. 


log 


7.854 = 


0.89509. 


log 


3.1416 = 


0.49715. 


log 


2.71828 = 


0.43429. 


log 


30.473 = 


1.48391. 


log 


10.817 = 


1.03411. 


log 


9.9999 = 


1.00000. 


log 


102.01 = 


2.00864. 


log 


0.36413 = 


9.56126-10. 


log-' 


0.85670 = 


7.1895. 


log-^ 


3.67799 =4764.2. 


log-^ 


7.51322-10= 


0.00326. 


log-' 


9.77777-10 = 


0.59947. 


log-^ 


0.00215 = 


1.005. 


log-^ 


2.18562 = 


153.33. 


log-^ 


6.98354-10= 


0.0009628. 


log-^ 


0.99992 = 


9.9982. 


log-^ 


8.66767-10 = 


0.046523. 


log-^ 


1.77236 = 


59.206. 
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29. Examples IlliutratiiLg the Use of Logaritluiui. — ^In prac- 
tical work the subscript 10^ denoting the base^ is omitted. It is 
of the greatest importance that the work of computing by loga- 
rithms be arranged in a convenient form. The following ex- 
amples are models which are to be strictly followed : 

JfttZ^ipZtca/ton.— Evaluate 272 x 0.31734 X 0.02166 X 6.4335. 

272 log 2.43457 (Eead: 272; its log is 2.43457.) 

0.31734 log 9.50153-10 Note that the sum of the char- 

0.02165 log 8.33546 -10 acteristics is 21-20, or 1. 
6.4335 log 0.80845 

12.023 log 1.08001 
An3. 

Z^ivmon.— Evaluate 8.6302 -^ 9.7124. 

8.6302 log 0.93602 
9.7124 log 0.98733 

0.88856 log 9.94869-10 

Soofe.— Evaluate ^0.17638x2.1279. 

0.17638 log 9.24645 
2.1279 log 0.32795 

a^ log 29.57440 -30 

a: 0.72132 log 9.85813-10 

Here the characteristic of ic* is written 29 — 30 so that the 
logarithm of x shall be in the proper fonn for immediate refer- 
ence to the tables. 

Pot.er..-Evduate[||f|J. 

19.876 log 11.29833 -10 
38.345 log 1.58371 

VflP log 9.71462-10 

X .26868 log 9.42924-10 
Here the characteristic 19— 20 is evidently the same as 9— 10. 
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It IB sometimes valuable to note that a sixth figure of a num- 
ber very near the beginning of the table affects in some eases the 
last figure of the mantissa; e. g., 110.215 and 110.224, though 
each is written 110.22 as a five-figure number, have logarithms 
2.04224 and 2.04228 respectively. It is even sometimes worth 
while to determine a sixth figure from a mantissa in this part 
of the table, for although it is not itself closely accurate, it may 
improve the accuracy of subsequent operations. 

Exaw/ples. 

Find the value of each of the following expressions : 

1. 3.1416x2.7183, 29.572 X .00036841, and 335000000 
X. 000099854. Ans. 8.5398, 0.0108945, 33451. 

2. .00035842 X 27925, .0066666 X .33333, and 52564 
X. 0082546. Ans. 10.009, 0.0022222, 433.90. 

3. 2727.5 X .37375, 511.01x100.09, and 263.58x21.542. 

Ans. 1019.4, 51147, 5678.1. 
. 2.9275x34.278 , .0031593 X 684.82 
505.92 ' ^^ .00096548 

Ans. 0.19835, 2240.9. 
K .00037562x645.29 , 2625.4 X .000065555 
^- 125:82 ' ^^ 31956 ' 

Ans. 0.0019264,^1^. 

^ 3.8434 X .0029825 , 48.962 X 39.595 
.037378 ' 78.546 

Ans. 0.30667, 24.682. 
« 9999.5 X. 0077764 , .02542 X .000063846 
^' 28420 ' 911.26 

Ans. 0.027360, i^|J? . 

^ 2964.5 X 38.423 . 2954.5 X 64.532 
75.65X84.384 ' 911.36x318.6 * 

Ans. 17.843, 0.65684. 

Q 411.44X38.456 , .006815x992.85 
2928.5 X .07562 ' 445.28 X .000056842 * 

Ans. 71.447, 267.34. 
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26.893 X .0000545 . 75859 X .0028242 

^^' 319.62 X .00068432 ' 37568 X. 09185 * 

Arts. 0.0067010, 0.062086. 

11. (12)», (1.5)", (1.045)2«, (1.05)*». 

Ans. 5.1 596 xlO ^ 437.88, 3.1414, 10.922. 

12. (14f )«, (7§)^^ VIO, V 36443. 

Ans^ 2.2404 X_10V?^0162 X 10«, 3.1623, 190.90. 

13. V54:9, ^31, ^90, ^10.974. 

Ans. 7.4095, 3.1414, 4.4814, 2.2223. 

14. (7)*, (442)*, (1.03)A, (50.8)A. 

Ans. 1.3205, 1.9676, 1.0006, 12.177. 

15. (.00625)*, (.37568)*, (442.84)*, (.03628)*. 

Ans. 0.63041, 0.89694, 5.2686, 0.51514. 

16. (469.82)-*, (665.35)-*, (33.982)-«, (.058086)"*. 

Ans. 0.50480, 0.39510, 0.24406, 1.7668. 

17. (.00062584)*, (.35694)*, (.0022893)*, (.055642)*. 

Ans. 0.39770, 0.59744, 0.13180, 0.61787. 

18. Find the eighth root of ^^^^ ; given a, 301.03 ; 6, 

.00036954; c, .0028182; d, 35890000; e, .000002814; f, 561.29; 
g, 2718.3. Ans. 0.02838. 

19. Find the seventh root of -^^ ; given a, .003589; 6, 

.00015785 ; c, 3401.5 ; d, 15.785 ; e, 22.322 ; /, 25.79 ; g, 25790000. 

Ans. 0.02139. 

30. Operations with N^ative Nnmbers. — Although negative 
numbers have no logarithms, we may treat them as if they were 
positive in processes involving multiplication, division, involu- 
tion or evolution, and determine the sign of the result by the 
ordinary rules of algebra. The logarithms of such numbers 
occurring in practice are designated by the letter n after the 
logarithm. 

Example: Find the value of -^ , given 

a, -.00275; 6,-100.5; c,- 5075.5; J, -.001875. 
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The work is arranged as follows : 

o,- .00275 log 7.43933 -lOn 3 log 2.31799 -10» 
b,- 100.5 log2.00217n. 2 log 4.00434 

C- 507.5 log2.70544n log2.70544n. 

d,-. 001875 log 7.27300 -lOni colog 0.90900n 

x," .86452 log 9.93677 -lOn. 

Here we give the negative sign to the result because the last 
column contains an odd number of negative factors. 

31. To Find the Logarithm of a Nnmber to a New Base when 
the Logarithms to another Base are Known. — Given log^n^ 
required logan. Let a;=logan^ or a'^=n. 

Take logarithms of both sides of the equation to the given 
base h. 

xlogi,a=logi,fi, 

a:=J5S^=logan. 
logft a 

If in this equation we let n=b, it becomes 

:j =logoB^ or loga&xlog6a=l. 

32. Whenever the logarithm of a fraction is to be mtdtipUed or 
divided by a decimal, we must first express the logarithm in its 
negative form. 

This becomes apparent in such examples as the following ex- 
ponential equation : 

Find X from the equation (.37544)*- 5.8592. Taking the 
logarithms of both members of the equation, 

a: log (.37544) =log (5.8592). 

_ log (5.8592) 0.76784 _ 0.76784 

^ log (.37545) "■ 9.57455-10 " -^ (.42546) * 
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Beducing this fraction by ordinary division^ we find 

a:= -1.8048; 

or we may perform the division by logarithms as follows : 

.76784 log 9.88527 -10 
- .42545 log 9.62885 -lOn 

a; =-1.8048 log 0.25642n 

The quantity log .37545 = 9.57455 -10 is the indicated dif- 
ference between two numbers, and the subtraction must be per- 
formed before the fraction can be reduced. 

Examples. 

1. Find X from 20'= 100. Ans. 3?= 1.5372. 

2. Find x from 52^=317.46 Ans. a:= 1.7895. 

3. Solve the equation 7* =100. Ans. 2.3666. 

4. Solve the equation (1.05)'*'= (8.25)*. Ans. 6.5764. 

5. Solve the equation 5* =1.307. Ans. 6.0110. 

6. Solve the equation 3*-*x5»*=7*•-^ 

Ans. a;= -.26216. 

7. Find the base of a system of logarithms in which 
log 2 = 0.69315. Ans. 2.7183. 

8. Find x from a=e«*; given a, 375850; c, 1.5708; e, 2.7183. 

Ans. 9.6383. 

9. Find the fifth root of {^^+f}> given a, .032713; 

6, 643.68 ; c, .99985 ; d, 68432 ; e, .000835 ; /, .0005. 

Ans, 0.41660. 
10. Find logi2 159, and logi^e 12. Ans. 2.0399, 0.49022. 

^yl 11. Find the seventh root of ^^V ; given a, .087295; 6, 

310.85; c, 41192; d, .000086584; e, 39.644; g, 100.84. 

Ans. 0.31825. 
12. IPini K; gJYen s=i( a+i'\-c+d)y 

K=V{s-a) (5-6) («-c) {s-d), 
a, 6.3246 ; 6, 7.7459 ; c, 8.5441 ; d, 6.1961. Ans. 46.693. 
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13. Find the value of a:^ when a;=0.37S44. Ana. 0.69225. 
1^. Find the value of e', and ir^, when e=2.71828, ir=3.1416. 

Ana. 23.139, 22.458. 

O^ 15. Find the value of e', n% 6-», and (jr)-t. 

^ Ans. 1.3748, 1.5237, 0.20788, 0.65631. 

16. Find the value of of when a;= 2.5062. Ans. 10.000. 

17. Find the value'of x^^^ when a;= 0.72923. 

Ans. 0.10000. 
1 

- 18. Find the value of of when a: =0.399015. 

Ans. 0.10000. 

19. Find the value of x* when a;= 1.3713. 

Ans. 10.000. 

20. If a regular tetraedron is inscribed in a sphere of radiufi a, 
a sphere inscribed in the tetraedron, a regular tetraedron in the 
second sphere, and so on, the volume of the nth tetraedron is > , 

^?l^' ' Show that if a =4000 mi., the volume of the 18th tetra-^* ) ^ 

edron is 3.8791 cu. in., and compute the volumes in cubic inches 
of the 15th, 19th, 20th and 25th tetraedra. 

Ans. 76352, 0.14367, 0.0053211, -^r^. 

21. Find the length in feet of one minute of arc on a sphere of 
3958.4 mi. radius. Ans. 6079.7. 

22. Given a= 3.7124, & = 32.617, find a+h, o.-i, j , ai, 
loga+logt, log(a+6), loga-logt, log (a- 6), logaxlogt, 

and r-r* 
logo 

23. Given a= 0.37124, 6=0.32617, find the same functions of 
a and & as in Example 22. 

24. What sum will amount to $1000 in ten years, interest be- 
ing at 3^ per cent per annum, compounded semi-annually ? 

Ans. $706.82. 

25. In how many years will a sum double itself at interest as 
in Example 24? Ans. Twenty years. 

26. Given that if the sides of a plane triangle are a , ft, c, and 
8=i{a+b+c)y the area is J. = V5(«— a) (s—b) {s^c), find the 
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area and the shortest of the three altitudes of a plane triangle of 
which the sides are 147.73, 159.09, 170.45^.^,035^^ 

Ans. A = 10847, he=12 7.275. 

27. Noting that an expression of the form Vm^—n^ should 
always be treated as "V {m—n) (m + n) for purposes of compu- 
tation, find from the result of Example 26 the lengths of the 
segments into which the computed altitude divides the longest 
side. Ans. 76.002, 95.449. 

33. Trigonometric Fnnotions. — Among the simple computa- 
tions of frequent occurrence are the evaluations of the forms 
y/a^ — h^y VoM-P, Va— 6 and Va+6, where a and 6 are given 
numbers or products of given factors. 

Such forms are often greatly simplified by the use of irigoruy- 
metric functions or ratios, which are defined as follows: 

If from any point in one side of an angle a perpendicular be 
drawn to the other side, then, in the right triangle thus formed : 

The sine of the angle is the ratio of the perpendicular to the 
hi/pothenuse. 

The cosine of the angle is the ratio of the base to the hypoth- 
enuse. 

The tangent of the angle is the ratio of the perpendicular to 
the base. 

The cosecant, secant and cotangent are the reciprocals, re- 
spectively, of the sine, cosine and tangent. 

These six ratios are the same 
for the same angle, no matter of 
what size the triangle is drawn; 
for all right triangles with the 
same acute angle are similar, and 
the ratios of their homologous 
sides are equal. 

The functions are shown graph- ^ -pase 

ically, with their abbreviations, pia i. 
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in the following scheme, in which the sides of the triangle are 
represented by a and h, and the hypothenuse by c. 

sintf= — , costf= — , tand= ~, 
cosec tf = — , sec d= -r- , cot 6= — . 

If the angle ^>90*', the perpendicular falls on the other side 
produced, and the base, h, is negative ; thus all the trigonometric 
ratios, except the sine and consecant, are negative for angles in 
the second quadrant. 

Prom the relation of the sides in a right-angled triangle 
a*+6* = c^ we deduce the fundamental equations: 

a' V 
-3- + -^- = 1, or sin*^H-cos^^=l; 

^ +1=1^, or l+tan2^=sec^^. 

A book of logarithmic tables usually includes a table of the 
numerical values of these trigonometric ratios and also a table 
of their logarithms. The latter is used just as a table of loga- 
rithms of numbers, and the interpolation is made on the same 
principle. In Bowditch^s tables the logarithms are given for 
intervals of one minute of arc, and the " proportional part ^' is 
given for the seconds in annexed tables. Thus, if we wished to 
find the log sine of 30° 27' 32", we would take from the tables 
for 30° 27' the logarithm 9.70482-10, and add to its mantissa 
1^X22 (the tabular difference for 1'), or 12. The log sine of 
the given angle would thus be 9.70494—10. 

The evaluation of V?T&^ would be carried out as follows: 



let 



tan ^=4-, 
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then 



/ 



1+-^ ==VT+tan2l==8ectf. 
FinaUy 

The numerical work, where 6=76.371, a= 70.832, is given: 

a, 70.832 log 1.85023 

h, 76.371 log 1.88293 log 1.88293 

e, 42^ 60' 42" log tan 9.96730 - 10 log sec 0.13478 

V^TF= 104.18. log 2.01771 

Exercises. 

Verify the following: 

log sin 19^ 18' 25" =9.51934 -10. 

log cos 19° 20' 45" =9.97476 -10. 

logtan 19° 57' 18"= 9.56001 -10. 

log sec 64° 42' 20"= 0.36930. 

log CSC 48° 48' 48" = 0.12345. 

log cot 35° 17' 13"= 0.15015. 

logtan 58° 28' 02"= 0.21212. 

sin 19° 18' 25" =0.33063. 

cos 64° 42' 20"= 0.42727. 

9.63721-10=log8in 25° 42' 14". 

9.56278 -10= log cos 68° 34' 02". 

0.37521 =logtan 67° 08' 42". 

9.66666 -10= log cot 65° 06' 05". 

0.12439 = log sec 41° 19' 38". 

0.02524 =logcsc 70° 39' 15". 

9.63070 - 10 = log sin 25° 17' 40". 

0.42727 = sin 25° 17' 40". 

0.75095 = cos 41° 19' 38". 

w 45® 450 

Show by computation that « =sec 45 x sec -^ x sec -j- x sec 

AKO AKO 4KO ^kO ^ko 

^ xsec ^ xsec -32" xsec "^ xsec ^ ; given, 7r=3.1416. 
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EaxLmples. 

1. Given a= 76.371, 6 = 70.382, c= 13.204, evaluate VFTiac". 

Ans, 94 .800. 

2. With the data of Example 1, evaluate V6^— 4ac, using 
Vl-8in2^=co8d. Ans. 30.332. 

3. With same d ata, eva luate Vd^ — h^ by the formula 

^/EF^=^/ (a-h) (a+b). Ans. 29.646. 

4. Evaluate Va^ — 6^ by trigonometric formulae. 



CHAPTER III. 

Functions and Equations. 

34. Fnnctiona,— Any expression which inyolres a quantity x, 
and whose value depends npon the value of x, is called a function 
of X. 

Thus, Va:*— 9, a*, log(l+x), sin a: are functions of x; the 
length of a chord of a circle of given radius a is a function of its 
distance, x, from the center; this function is 2Va*— a;*. 

In studying a function, we give such values as we choose to 
the quantity on which it depends, and note the resulting change 
in the function ; the function is consequently called the dependent 
variable, and the quantity on which it depends is called the 
independent variable. The independent variable is also called 
the argument. 

A quantity which does not vary is called a constant; for in- 
stance, if through a point inside of a circle a chord be drawn and 
then revolved about the point, the lengths of its segments may 
vary, but the product of these lengths is constant. 

The same quantity may be constant in one problem and vari- 
able in another. Thus, when we consider how the function 
ax^^-hbx+c changes, a, b and c being given values and x varying, 
a, b, and c are constants; but when we study the change in one 
of the roots of aa^ + bx+c^^O due to changes in a, b, and c, 
a, b, and c are variables. 

The symbol f{x) is used to abbreviate the expression " func- 
tion of x^^ or to stand for a designated function of x. When 
more than one function of x is to be designated, other similar 
expressions are used, such as /i(a;), f{x)y F{x)y Q{x), 4>{x)y etc. 
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The result of substituting a given quantity for the independent 
variable in a function is represented by replacing the variable by 
the given quantity in the symbol for tiie function; thus, if we 

designate VS^H^ by f{x)y f(y) designates VS^+a?, and 
similarly 

f(i) = VWT^^ 

f(0) = VO+¥=a. 

When it is better to express the function without abbreviation, 
these same relations are written in the form : 

read as follows: V3a^+a^, when x=y, is equal to Vsp+fl?. 

The connection between the two methods of notation may be 
expressed: 

The same functional notation may be extended to expressions 
involving two independent variables; thus, 

is a function of x and y. 

An algebraic function is one in which the variables are con- 
nected only by algebraic operations and have only constants for 
exponents. 

If the exponents of the variables are integers, the function is 
called a rational f imction ; and if the variables do not appear as 
denominators of fractions, the function is called integral, 

A rational integral algebraic function with rational integral 
coefficients is a polynomial. 

The degree of a polynomial is the degree of the highest power 
of the independent variable occurring in the polynomiaL 
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A polynomial of the first degree is called linear; a polynomial 
of the second degree, quadratic; a polynomial of the third degree, 
cubic. 2a; +3, 4a;* + 5a;— 1, 7a;* — 3x^ + 2a;+4 are examples of 
linear, quadratic, and cubic polynomials, respectively. 

Eaumples. 

1. Given /(a;)=a:*— 2a:*4-3a;+l, find or write the values of 
f(y)>f(a),f{l).f{0),f(a+b). 

2. Given 4>{x)=a', find or write ^^(l), ^^(O), <^(-2), 

3. Given ^(a:)=a*, show that ^(a;+y)=<^(a;) X<f>{y). 

35. Equations and Identities. — An assertion of equality be- 
tween two functions is called an equaiion. 

An equation may always be reduced to a form in which on© 
member is zero, and thus if it involve only one variable, x, may 
be represented in general by f(x)=0. 

If f(x) is a rational integral algebraic function of x, 
/(a;)=0 is an algebraic equation. 

An equation which is true for only a limited number of values 
of the variable involved is called a conditional equation. Thus, 

ea^+x-2=0 

is true only when a:=i or —J. 

An assertion of the equivalence of two forms of expression of 
the same function is called an identity, or an identical equation. 

An identical equation, commonly called an identity, is true 
for every possible value of the variable involved. Thus, 

(9-a;2)s(3-a;)(3+a?) 

is true for any value of x whatever. 

The sign s is sometimes used in an identical equation and is 
read " is identically equal to ** or " is identical with.*^ 

An equation presents a problem ; and if it is put, as it always 
may be, in the form f{x) =0, the problem of the equation con- 
sists in finding what values of x make f{x) have the value zero. 
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An identity asserts a general truth. For instance, the length 
of a chord at the distance x from the center of a circle of radius 
a is %^ d?—oc^. If we wish to solve the problem of finding the 
distance from the center if the chord is equal in length to the 
radius, we write the conditional equation ^yj a^—o^ — a, which 

we find is satisfied by the value a:= h V3. On the other hand, 

the identical relation 2>\/a^—x^^%y {a—x) {a-\-x) may be used 
in computing the length of the chord drawn at a given distance 
X from the center, no matter what x may be. 

36. Division of Equations and Identities. — It should be noted 
that the two members of an identity are two expressions for the 
same thing, differing merely in appearance, so that if the same 
operation is performed on both members, the two results are 
identical. For instance, if we divide the identity 

(a:^-9) (a;+3) = (a:+3)2(a;-3) 

by (a:— 3), the result, 

(ar+3)(a;+3)s(a:+3)S 

is still an identity. 

If any factor involving the unknown quantity is divided out of 
a conditional equation however, some or all of the possibility of 
solving it will have been lost. For instance, if we divide the 
equation 

(a:-3) (a:+7) = (a:-3) (a:+9) 

by (a?— 3), the resulting equation, 

a;+7=a:+9, 

will not be true for any value of x, although the original equation 
holds when a:=3; and again, if we divide 

(a;-3) (2a;+7) = (a;-3) (iF+9) 

by (ic— 3), the resulting equation is true only when a; =2, al- 
though the original equation holds for a:=2 or for a;=3. 
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It is to be remembered^ then^ that: 

I. If a factor is divided out of an identity, the resxdt is an 
identity; but 

IL If a factor is divided ont of a conditional equation, the 
resiQt may or may not be true ; and for a complete solution of 
the original equation, we must solve not only the quotient-equa- 
tion, but also the equation formed by equating the factor to zero. 

An identity of which each member is identically zero cannot 
be divided by an expression which is identically zero ; this is the 
only case of an operation not leading to a single definite result 
that we ordinarily have to guard against. 

Examples. 

Determine whether each of the following relations is an iden- 
tity or an equation, and if an equation, for what values of :r it is 
true: 

1. (a:-3)»=a:*-27. 

2. lx^3y=9x(3-x) '\-a^-27. 

3. (a^-ax+5) {a*+2ax-7) =a*+3a»-20a*+51a-35, a be- 
ing constant. 

Ans. An equation which is true when x=3 

a'-ea+17 

or x= jr . 

2a 

4. (a^-3x+5) (x'+e x-7) =«* + 3a:*-20ic* + 51a:-35. 

5. a/^^^ = ^^.T ■, a and h variable. 
y a + b a-rb 

6. (a:-7)(a:*-6a:+8) = (a:*~9a:+14)(x-4). 

7. (a;-5)(x»+2a;-8) = (a;^-3j;-10)(a:-4). 

important functions and identities. 

87. Arithmetic Progressions. — A succession of numbers, each 
of which is formed by adding a given number to the one next 
before it, is called an arithmetic progression. The given num- 
ber thus added is called the common difference of the progres- 
sion ; it may be either positive or negative. 
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For example : 

3, 6, 7, 9, 11, 13, etc., 

form an arithmetic progression of which the first term is 3 and 
the common difference is 2 ; 

5, f, -2, -Y, -9, -y, etc., 
form an arithmetic progression of which the first term is 5 and 
the common difference is — ^. 

In case a limited nnmher of terms is considered, the number 
of terms and the last term are also spoken of, and the terms 
between the first and last are called the arithmetic means between 
them. When there are only three terms, the middle one is 
called the arithmetic mean or a/verage of the first and last, and ifl 
equal to one-half their sam. 

The symbols T^ T,, T,, • . . ., Tn are nsed to indicate the firsts 
second, third, • . . ., nth terms of the progression, and the symbol 
8n to indicate the snm of the first n terms. If the progression 
has just n terms, Tn is the last term, and 3n the sum of all the 
terms. 

38. General Term and Last Term.— In any arithmetic pro- 
gression, if the first term is a, and the common difference d, we 
have by definition : 

T^-a, T2=a + d, T^=a+2d, T^=a'\-dd, etc. 

It is evident that for any value of n, the nth term is 

Tn=a+(n^l)d. {1) 

This is called the expression fot the general term of the progres- 
sion. When the number of terms is limited, this number is usually 
denoted by n, and the last term by I; so that the formula for the 
last term is 

Z=fl+(n-l)i. (2) 

For example, in the first of the series above, Tn^l+2n; 
for n=l, 3, 7, 10, this gives ^1=3, T3 = 7, 7^=15, rio=21; if 
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we suppose the series to contain n terms, it also gives the value 
of the last terni^ {=l + 2fk 

39. Sum of n Terms. — ^TJsing a, d and I as above, we have : 

8n= a +(a + <l) + (a + 2<f) + (a + 8<l)+ -\-{l — d) + l 

8^= I +a-d) + (Z-2d) + (l-8<l)+.... + (a + (D + a 

The terms as so paired, by writing 8n both backward and 
forward, that the sum of the two in each of the n pairs is 

8n=^(a+l). (3) 

Equations (2) and (3) involve the five quantities a, d, n, I, 8n, 
and furnish the means, if three of these quantities are given, of 
finding the other two. In particular, we get by eliminating I 
from (2) and (3) : 

flfn=Y[2a+(n-l)d]. (4) ' 

Formula (4) may be used as an expression for the sum of all 
the terms of a series, or as an identity giving the sum of any 
number of terms ; for the second purpose it is more conveniently 
written 

8n^i[{2a-d)n-^dn^]. (5) i 

In the series 3, 5, 7, 9, 11, etc., the sum of any n terms begin- 
ning with the first is 

5„s2n+w*. J 

Such an identity will serve to give the series completely, for it 
gives 

from which the first two terms can be found, and hence the 
whole series. t 
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Examples. 

1. Find from (4) the value of n in terms of a, d, and Sn* 

Ans. ^[d'-2a±VSdSn+ {2a-dy]. 

2. How many terms of 12, 16, 20, .... must be taken to 
make the sum 208? Ans. 8. 

3. How many terms of 3, f , 6, must be taken to make 

the sum 448^ ? Ans. 23. 

4. Find the expressions for Tn and 8n of the series of Ex- 
amples 2 and 3. Ans. Tn=8-h4n, 8n = 2n(n+6) and 

rn=|(n+l), S„=^(f^+3). 
6. Given jr,»=3n— 1, find the series and the expression for 
8n. Ans. Sn=^ (3n+l). 

6. Given 5»=3n*-h2»i^ find the series and the expression for 
Tn. Ans. T„=6»i-1. 

7. Insert ten arithmetic means between 243 and 23. 

Ans. 223, 203, ,43. 

8. The sum of three numbers in arithmetic progression is 18 
and their product is 192 ; what are the numbers? Ans. 4, 6, 8. 

n s 

9. Show that the sum of the first n integers is -^ (n+1). 

10. In an arithmetic progression T^^Z^ T^^^—IZ. Find 
Tny Sn, and the series. Ans. Series, 7, ^, -^, 

11. In an arithmetic progression Tq=2, 8fi=—ll. Find Tn, 
8n9 and the series. Ans. Series, —5, — t^, —V* 

40. Ckometrio Progressions. — A succession of numbers, each 
of which is formed by mvJtiplying the one next before it by a 
given number, is called a geometric progression. The given 
midtiplier is called the common ratio of the progression. 

For example : 

3, 6, 12, 24, etc., 

form a geometric progression of which the iirst term is 3 and the 
common ratio is 2 ; 



42 Pbactioal Algebra. 

6, -4, f, -V, H, -«4, etc., 
form a geometric progression of which the first term is 6 and 
the common ratio is — |. 

The expressions number of terms, last term, and means are 
used in connection with geometric progressions as witii arith- 
metic. The geometric mean between two numbers is also called 
their mean proportional, and is equal to the square root of their 
product. 

41. General Term and Last Term. — ^In any geometric progres- 
sion^ if the first term is a, and the common ratio r, we have by 
definition : 

T^-a, T^^ar, T^^ar^y T^=at^, , Tn=ar^^. 

In a geometric progression of a limited number, n, of terms, 
the last term, l, is written : 

l=af^\ (1) 

Mxdtipljring 8n by r and subtracting the product from 8n, we have 
8n^a+ar+ar^+at^+ .... -^-ar^^ 
r'Sn^ ar+ar*+a.r*+ . . . .+a7^*+af* 

(1— r)5«=a— or* 
whence 

Since ar^^=l, this is also written : 

Sn=^. (3) 

In case r is greater than 1, it is more convenient to write 

^ — 1 rl — a 
r— 1 r— 1 

Equations (1) and (2) furnish the means, when any three 
of the quantities a, r, n, I, 8n are given, of finding the other two. 
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Examples. 

1. Find the stun of i, J, -^^ etc., to five terms. Ana. ^4t' 

2. The sum of three numbers in geometric progression is 26, 
their product 216 ; what are the numbers ? Ans. 2, 6, 18. 

3. Find 8n for the progression 6, —3, +1, etc. 

4. Given that in the series 5, 20, 80, , iSn= 109225, find n. 

42. The Infinite Oeometrio Progression. — ^In a geometric 
progression, if the common ratio is greater than unity (r>l) or 
less than negative unity (r<— 1), the successive terms are in- 
creasingly greater in numerical value ; if r = 1, they are all equal ; 
if r=— 1, they are numerically equal, alternating in sign; and 
if the common ratio is a positive or negative proper fraction 
( — l<r<l), the successive terms decrease in numerical value. 
The last case is of special interest. 

As an example, consider the progression 

1> h h h T*tr> etc., 
of which the general term is 

The stun of the first n terms is 



8, 



^ 2 



8n is always less than 2, and diflEers from 2 by ^^ . This differ- 
ence becomes less and less as more terms of the ^ries are taken 
into the sum, 8n; that is, as n is taken increasingly larger; and 

it is evident that ^^ may be made less than any conceivable 
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number by making n large enough; that is, by taking enough 
terms of the series. Such a relation as this is briefly expressed 
by saying that 

The limit of 8n as n increases indefinitely is 2. 

A more usual expression is: 

The limit of S« when n. is infinite is 2. 

The formulation for this is: 

The limit of 8n when n= oo is 2, 

or more briefly, 

^n]^=«,= 2. 

This limit is called the sum of the geometric progression to vrv- 
finity, or simply the sum of the progression, and is abbreviated 
S^ or 8. 

In general, in any geometnc progression 

Ct, OJl f Oil y • • « • , QrT y m • • • y 

using the above notation, we have 

8^=a-z: = -z (1— r"). 

* 1 — r 1 — r 

And if r is less than unity in numerical value, a sufficiently 
large value of n will make f* less than any conceivable 

number so that 8n gets nearer to the value- — as more and 

1— r 

more terms are taken, and may be made to differ from 7^ by 

less than any conceivable value by taking enough terms ; that is, 
by making n large enough : 

-S»]„=. = ,-*- (l-r-)]„=« = -«- (1-0) = ^ 
1 — r 1 — r 1 — r 

or 

fifoo = T^> if -l<r<l. 
1 — r 
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For example, the stun to infinity of the geometric progression 

1, 0.999, etc., 

for which a=l, r= 0.999, is 

The nearer r is to 1 in numerical value, the larger the sum of 
the progression; if r is equal to 1 or numerically greater, the 
value of 8n does not approach any limit as more terms are taken, 
but increases indefinitely, so that we say that the sum is infinite. 

Sa,= ^, if r>l, r<-l, orr=l. 

Examples. 

1. Find the sum to infinity of the progressions 

1, i, i, etc., and 1, |J, f^f , etc. 

Ans, f , 81. 

2. How many terms must be taken into 8n in the case of 

each of the series in Example 1 before the difference ~ — be- 
tween 8n and Sflo is less than 0.00001 ? [Use logarithms.] 

Ans. 11 and 1280. 

3. Find the sum to infinity of 

6, —3, I, — f, etc. Ans. 4. 

4. In a geometric progression a.= l, r= ; find S<^. 

Ans. — ^^. 

5. Find the sums of the repetends 0.637 and 0.09, treating 
them as geometric progressions. Ans. ^ and ■^. 

6. Eeduce the repetend 2.31243 to the equivalent fraction. 

Ans. ^^. 

7. Two places, A and B, are a mile apart; a man walks 
from A toward B, going f of the distance ; turns, and walks f of 
the way back toward A; turns, and walks f of the way back 
toward his previous turning point. If he keeps this up indefi- 
nitely, how many miles wiU he walk, and how far will he get 
from A t Ans. 3 mi.^ f mi. 
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8. A aqnare is inscribed in a circle of radius a, a circle in it, 
a square in the second circle, and so on indefinitely. Find the 
sum to infinity of the perimeters and of the areas of all the 
squares. Ans. 8a(l + V2), 4a*. 

9. A cube is inscribed in a sphere of radius a, a sphere in it, 
a cube in the second sphere, and so on indefinitely. Find the 
sum to infinity of the surfaces of all the cubes. Ans. 12a?. 

10. A regular tetraedron is inscribed in a sphere, a sphere in 
it, a regular tetraedron in the second sphere, and so on indefi- 
nitely. If the radius of the first sphere is a, find the sum to 
infinity of the volumes of all the spheres. [Note. — ^The altitudes 
of a regular tetraedron quadrisect one another.] 

Ans. W ira*. 

43. limits and Infinites. — ^The use of limits made in the 
preceding article occurs in many problems, as does the use, 
always in the same sense as there, of the words infinite and inr 
finity. In such work certain expressions are used for brevity, 
the meaning of which it is necessary to recognize clearly. 

A variable which decreases in such a way that by continuing 
in its variation it will become less in numerical value than any 
given number (however small) is said to decrease indefinitely 
or to approach the limit zero. Such a variable is called an in- 
finitesimal. 

A variable which increases in such a way that by continuing 
in its variation it will become greater in numerical value than 
any given number (however large) is said to increase indefi- 
nitely, to be infinite or to eqtuil infinity. The symbol used for 
the word " infinity ''is oo ; for the phrase *' increase indefi- 
nitely,^' is =00. 

A constant number, neither zero nor infinite, is called in dis- 
tinction a finite nimiber. 

When a function, f{x), owing to some variation given to its 
independent variable x, approaches closer and closer to a number 
L in such a way that the difference L—fix) decreases indefi- 
nitely, f{x) is said to approach £ as a limit. 
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If there are two fimctions, f{x) and F{x)^ it is evident that: 

I. If f{x) =F{x)y and if one of these forms can be shown to 
approach a limit, the other must approach the same limits 

II. If f{x)<a, and F(x)>a, a being some given number, 
and if F{x) --fix) decreases indefinitely, f(x) and F(x) must 
each approach a as a limit. 

III. If f(x) approaches a limit I and F(x) approaches a 

f(x) 
limit L, f(x) ±F(x), f(x) xF(x), and ^7-^ approach the limits 

l±L,lxL, and -y- , respectively. 

As limits behave in all these ways like particular values of 
their function, the same notation is used for the limit of a 
function of x when x approaches a given limit as for the value 
of the function when x has a given value. 

For instance, as x increases indefinitely, — evidently decreases 

indefinitely, and vice versa; these relations are expressed either 
as follows: 

or as follows: If f(x) s — , 

/(oo)=0 and /(0) = oo. 
A still briefer expression for these same relations is : 

— = 0, and i = oo. 

Eaumples. 

1. In the study of the infinite geometric progression, what 
variable was an infinitesimal, what an infinite, and what ap- 
proached a finite limit? 
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^] , V^^^+ll , U-^l . Ana. -1,2,0. 



2. Give the values of the following limits: 

3. Give the values of the following limits : 

x']x=Q> V^x=Oy ar»-VS]ar-o^-l)*+Vx^]^i, 

(x+l) Var^ — l]a-i. Ans. for each. 

4. If two functions are both approaching the limit zero, what 
limit is approached by their sum? By flieir diflEerence? By 
their product? 

6. Give the values of the following limits: 

X ^/ o . I , rrVir+2]aj«oo. Ans. oo for each. 

6. If each of two functions is increasing indefinitely, how is 
their sum changing? Their product? 

7. Give the values of the following limits : 

''■^^Lo' '''*"'^i=-' ^^^i-l' fejx-1* 

Ans. 00, 00, 00, 0. 

44. Operations with Infinitesimals and Infinites. — It is evi- 
dent that if two variables are each approaching the limit zero, 
their sum, their difference, and their product also approach the 
limit zero ; in other words, the sum, difference or product of two 
infinitesimals is an infinitesimal. Again, if two variables are 
each increasing indefinitely, their sum and product are also in- 
creasing indefinitely; or, the sum or product of two infinites is 
infinite. These relations are abbreviated or formulated: 

0±0 = 0, 0x0 = 0, 00 + 00 = 00, 00X00 = 00. 

Many propositions can be written in similar abbreviated 

forms, as for instance - = oo . This means that if the numerator 
of a fraction is constant or is approaching a finite limit, a, and 
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its denominator is approaching the limit zero, the value of the 
fraction is increasing indefinitely. 

Exercises, 

Explain in detail the meaning of— =0 — =0. ^=00. 

° 00 ' 00 ' 

45. Indeterminate Forms. — ^Unlike the preceding cases, the 
quotient of two infinitesimals or of two infinites cannot be de- 
termined from the limits alone, but depends on the nature of 
the functions themselves; for in a fraction whose numerator and 
denominator are either both decreasing indefinitely or both in- 
creasing indefinitely, the variation of one term tends to increase 
the fraction, while the variation of the other tends to decrease 
it. The former influence may prevail, and the fraction be in- 
finite, or the latter may, causing the fraction to approach zero 
as a limit, or the two may so balance each other that the fraction 
will approach some finite limit. 

The two forms TT- and — are therefore said to be indetermi- 

00 

nate. 

The following examples are typical of the treatment of these 
forms when the terms of the fraction are rational : 



I. 

but 



x^-{-x—6 



1 --^ 



ar*-6ar+8 



_ (a?~2)(a;-f-3) '] x+sl __5 



^^' 2n^~n+3 Jn=oo~* 00 ' 



but 



3+^ -^ 



2n2-n+3 "" «_ i. , _3^ 



n n' 



3 
2 



n=« 
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The product of an infinitesimal and an infinite (Ox oo) can 
always be reduced to an indeterminate fraction, -jr or — , and 

the difference between two infinites ( oo — oo ) to the form — . 

With irrational and transcendental expressions, special devices 
or theories may be needed. 

Examples, 

1. Show that (x-2yx . '^t^, ^ l =0 and that 

ar— 6x+ 8 Ja._j5 

x'+x-G "I _ 



2. Show that 3»'+gft-l J = « and that 



3n* + 2n-l 1 _(. 

3 Evaluate I^i:l>±i^i:il*1 (^-l) + ix-l)'l 

Ans. f, i. 
4- Evaluate ^^_j^_^^_^^.J^^^, (^+7) -2(^l)'i=i' 

5. Evaluate— ^^^,-3— J_, g^qr^^^l^- 

/(2), /(3), /(oo). 4»M. 00, 1, 0, 0,tV, i- 

7. Show that 

i J»»o~ 'VI -a; v^r^J,=r • 

[Rationalize the numerator in the first.] 

8. What are loga;]a;=o^ loga:]aj=« ? 
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9. Let OA and OB be two perpendicular radii of a circle, and 
P a variable point of the circumference between A and B. Drop 
a perpendicular PM to OA, and write the six trigonometric 
functions of the angle POA. Show what limits they approach: 
first, as P approaches A; second, as P approaches B. 

Ans. The results may be tabulated : 

sin cos tan cot sec esc 
■0**: 1 00 1 00 

90**: 1 00 00 1 

46. limiting Cases of Boots of Quadratic Equations. — ^We 
have seen that the roots of a quadratic equation 

aa?-\-})x-\-c=0 
are 

We can write each of the roots in two equivalent forms by 
rationalizing the numerator : 



iCi = 



2a "■ +6 + VP^4ac' 



'"■ 2a "■ +6-V&'-4ac* 

We will investigate the changes occurring in these roots when 
one (or more) of the coefficients decreases toward the limit zero. 
Evidently (I) iic approaches zero, one of the roots approaches 

— - , the other approaches zero; and (II) if h and c both ap- 
a 

proach zero, both roots approach zero. 
III. Let a approach zero. Then 



[ 



— gc £ 

26 -~ h* 



^ _-5-V6*-4ac"l -26 
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That is, one root approaches the finite limit -^^ , the other in- 

creases indefinitely. 
IV. Let a and 6 both approach zero. Then 



r -2c 1 _j^ 



-2e 

-2*^ = 00. 



That is, both roots increase indefinitely. 

Applications of III occur in the simnltaneons solution of a 
linear equation and a quadratic, if it happens that on eliminat- 
ing one of the variables we obtain an equation of the first degree. 
In such a case we understand that of the two roots ordinarily to 
be expected one has disappeared through becoming infinite ; that 
is, a slight change in the coefficients of the original equation 
would cause this missing root to appear as a very large quantity. 

If the equation that results from the elimination is in the 
form of a constant equated to zero, IV shows that both of the 
roots ordinarily to be expected have become infinite. 

The principles III and IV can be deduced in another way. 

Dividing the original equation by x*, we have : 

.(I)-+.(i).„=o. 

Here, if a=0, we get 

.(I)-«(i)=o, 



whence 



1 6 n c 

— = or 0, ir=:— -v-or oo. 

X c 



Again, if a=6=0, we get 



(i)'=«. 



whence 

-=.=0 twice, re =00 twice. 

X 
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Examples. 

The distances of a point P from two given perpendicular 
straight lines are x and y respectively. Find these distances 
from the relations given in each of the examples below : 

1. 3x^-xy+i^-\-6x'\-6y=0\ x=0, y=0 

y=2x J or x= -^, 2/= — «/. 

2. 3x^-xy+y' + 6x + ey=0']x=0, y=0 

y=—x J twice. 

3. 2x^-3xy-2y^ + 3=:0'] x=-l, y=-l 

x=2y-\-l JOT x=oo, y=oo. 

4. 2r^ — 3xy-'2y^ + 3 = 0\x=oOyy=oo 

x=2y J twice. 

47. Femmtations and Combinations. — ^The different orders 
in which a number of things can be arranged are called their 
permutations. 

For instance, the permutations of the three letters a, b, c are : 

abc, acb, bac, bca, cab, cba^ 

The different arrangements of the same letters taken two at a 
time are : 

ab, ba, ac, ca, be, cb. 

Each distinct group which may be selected from a number of 
things, regardless of their arrangement, is called a combination. 

Thus, of the six permutations of the three things a, b, c taken 
all together, there is but one selection or combination of three 
different things, abc. The number of combinations of the same 
things taken two at a time is only three, ab, ac, and be. 

48. Number of Permutations of n Different Things.-^This 
is the same as the number of ways in which n things may be 
arranged in a row of n places. 

We may fill the first place in the row with any one of the n 
things ; that is, in n different ways. 

In each case we may fill up the second place in (n — 1) ways, 
i. e., with any one of the (n—l) things left, making n(n.— 1) 
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different ways in which the two places may be filled, since we 
may follow any one of the n ways by any one of the (»— 1) 
ways. Similarly we may fill the third place in any one of 
(n—2) ways, and the three places in n(n— l)(n— 2) ways. 
Finally, we can fill the nth place in only one way, as we shall 
have used the (n— 1) things in filling the (n— 1) preceding 
places. Hence, there are 

n(n-l)(»-2)....3.2.1 = [» 
different permutations of n things taken all together. 
This is formulated 

the symbol \n^ being called " factorial n/' 

49. Permutations of n Different Things Taken « at a Time^ — 

Counting the number of permutations of n things taken « at a 
time is the same as finding in how many different ways we may 
fill up a row of s places with n things; the number is repre- 
sented by 

•P.. 

We may fill up the first place in n ways, the first and second 
in n(n— 1) ways, the first three places in n(n— 1) (n—2) ways, 
just as in the preceding article, until, when the last place, 
number s, is filled, we shall have 

n(n— 1) (n—2) (n— «+l), 

or 

JP,=n(n-l) (n-2) (n-«+l). 

If we multiply and divide this expression by the remaining 
(n—s) factors, it reduces to 

p - I? 



as the formula for finding the number of permutations of n 
things taken « at a time. 
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Examples. 

1. In how many ways can a crew of 8 men be seated in an 
eight-oared shell? Ans. 40320. 

2. How many six-letter arrangements can be made of the 
letters causing t Ans, 5040. 

3. How many fonr-letter arrangements can be made from the 
letters causing t Ans. 840. 

4. How many four-figure numbers can be made out of the 
digits 1, 2, 3, 4, 5 without repetitions? How many five-figure 
numbers? How many numbers? Ans, 120, 120, 325. 

5. How many of the integers between 50,000 and 60,000 can 
be formed from the digits 1, 3, 5, 7, 9 used without repetitions ? 

Ans. 24. 

6. How many permutations of 9 letters each can be made 
from 9 different letters if 3 of the letters must always come 
together in a given order? Ans. 5040. 

7. How many permutations of 6 letters each can be made 
from 9 different letters, of which 3, if they are taken at all, 
must occur together and in a fixed order? Ans. 1200. 

COMBINATIONS. 

50. Number of Combinations of n Different Things Taken 
# at a Time. — Suppose there are x combinations each contain- 
ing s things ; from each combinatioii there can be made [« per- 
mutations, and from the x combinations x\s permutations, which 

\n 
will be all of the possible | ^ permutations. Hence 



*ii= I s and a:= i i • 
This is f ormxdated^ 

51. If we find from this formula the number of combinations 
of n things taken {n—s) at a time, we obtain 



n 

or 



^"-•- ^ n--s\n-{n^) \s_ 



n 
, 

n—s 



iC* — nC/fi.«* 
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That is, the number of combinations of n things taken (n— 5) 
at a time is the same as the number of combinations of n things 
taken s at a time. 

Examples. 

1. In how many ways may a gaard of 6 men be selected from 
a troop of 20 men? Ans. 15504. 

2. How many different eightroared crews can be selected from 
16 men? Ans. 12,870, positions undistinguished. 

3. How many different parties of 5 each can be selected from 
15 men? Ans. 3003. 

4. If n+zO^^UnC^f find n and check. 

5. If nC'« = 3»C,_i, find n in terms of 8 and check. 

6. If 5nC^=:12nC^ find n and check. Ans. n=13. 

7. If BgC^^lSjCg, find s and check. Ans. «=4. 

52. An Important Principle. — It is important to note care- 
fully the principle used several times already, that if one thing 
can be done in a ways, and, without interfering with the first 
performance, another thing can be done in b ways, both things 
can be done in ai ways. 

For instance, if a troop of 50 men and a captain are to be 
chosen from 55 men and 5 oflBcers, since the men can be chosen 
in 55C50 ways, and the captain in 5, the troop can be made up in 
5 X5bObo= 17,393,805 ways. 

Examples. 

1. In how many ways may 5 articles be put into 3 boxes, each 
capable of holding all 5 articles? Ans. 243. 

2. How many signals may be made with 10 numeral flags, 
each signal to consist of from 1 to 3 flags, repetitions being 
allowed? ^ Ans. 1110. 

3. In how many ways can the crew of an eight-oared shell be 
seated if 4 of them can row only on the port side? Ans. 576. 

4. A pitcher throws 4 different curves and a straight ball ; in 
how many ways can he pitch 4 times? In how many if he 
throws differently each time? Ans. 625, 120. 

5. How many baseball teams can be formed from 15 players, 
of whom 2 can pitch only and 2 can catch only ? Ans. 1320. 
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6. How many four-letter arrangements can be made using 
the letters causing without repetitions^ if consonants and 
vowels alternate? Arts. 144. 

7. Of a crew of 8 men, 3 can row only on the port side, 2 only 
on the starboard, the rest on either. How many ways are there 
of seating the crew ? Ans. 1728. 

53. Product of linear Factors. — ^In order to find the rule by 
which we can write down without multiplication the product of 
any number of factors (ar-f a), (x+b), {x-\-c), (x-\-d), etc., 
we will first perform the actual multiplication for a few factors : 

x+a 

x+b 

x^-\-ax 

hx 4- a6 



x^-{- (a + b)x +06 
X 4- c 

ir*+ {(i+b)3^+dbx 

ca^+ {ac'\-bc)x+dbc 

x^+ {a+b + c)x^+ (ab-\-ac + hc)x+abc 

Multiplying this result by (a:+rf), we get 

a;*+ (^a-\-b + c+d)a^-{- {(ib + ac+ad+bC'\-bd-{-cd)x^ 

+ (bed +acd+dbd+dbc)x-\- abed, 

and so on. 

It soon becomes evident, as we continue to multiply new fac- 
tors into the product, that the following general rule is true : 

The product of n factors (x+a), (x+b), (x-f c), (x'\-d), 
etc., is a polynomial of degree n, consisting of (w+1) terms, in 
which the coeflBcient of the various powers of x are as follows : 

Of ar~ : Unity; 

Of ic*"^ : The sum of all the numbers a, b, c, d, etc. ; 
Of ar""* : The sum of the products of the numbers a, b, c, d, etc., 

taken two at a time ; 
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Of a?*"' : The stim of the products of the nwmhers a, i, c, d, 

etc., taken three at a time; 

Of a:""* : The sum of the products of the numbers a, h, c, d, 

etc., taken four at a time; 
and in general : 

The coefficient of ar*~* is the sum of the products of the n/um- 
hers a, b, c, d, etc., taken Jt at a time. 

The last term comes under this general formula, being the 
coeflBcient of 1, or of a;*"*, and equal to the product of all n 
of the numbers a, b, c, d, etc. 

64. The Binomial Theorem. — If in the preceding theorem, 
the numbers a, b, c, d, etc., are all equal, the product of the n 
factors becomes {x-\-a)^\ each product of two of the numbers 
a, b, c, d, etc., becomes a* ; each product of three becomes a*, and 
so on ; each product of 4 of the numbers becomes a*. 

There are 

In 
w(7a= [ ^ 1 —2 P^o^^c^s of two numbers chosen out of n> 

In 
nC^=^^^ r^= products of three numbers chosen out of n, 

]_3 |n — 3 

„(74= , jS — products of four numbers chosen out of n, 

[4[n~4 

and so on; finally, there are in general 



nCk= I products of i numbers chosen out of n. 



[fc jn — fc 
Hence 

(^+«)"-^+"«^"+ |2-]fe:i «'^"'*+ T31^^ "'"^^ • • • • 



+ 1^:!^'*""^+'^- 
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Since nCit^nCnJky the coeflBcients at equal distances from the 
two ends of the expansion are alike. The expansion with coeffi- 
cients simplified is: 

^ n(n-l) (n-2) (n-fc + l) ^v^n-* 

Note that the general term of (a?+a)*, 

n(n- 1) (n-2) .... (n~fc+l) . ^ 

IF "^^^ 

is the {Te-\-l)-ih ierm. 

This expression for the general term can be applied to finding 
any required term of a particular expansion; e. g., to find the 
fourth term of (x+a)". Here i=3, n=12; and the required 
fourth term is 

n(n-l) (n-2) t^t^ 12 > 11 > 10^«a:»^220a«a:^ . 
]T 1.2-3 

When it is desired to write out a complete expansion, it may 
be noticed that any term of {x-{-a)^ may be got by multiplying 
the preceding term by its exponent of x, dividing by one more 
than its exponent of a, lowering the exponent of x one unit and 
raising the exponent of a one unit. For instance, 

so that the coefficients are 

1, 7, 21, 35, 35, 21, 7, 1. 

The expansion of (a:— a)* is given by the same theorem, since 
(a:— a)* = (a; 4- (—a))"; the only difference is in the signs, 
which are alternately + and — . 

The letters x and a may of course stand for any values what- 
ever. 
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Examples. 

1. Write the first five terms of the expansion of each of the 
following: (a+a:)", (a—x)'', (x—ay, (a+ar)'. 

2. Write the full expansion of each of the following : 

(x-hay, (x-ay, (a-rr)% (a+x)*. 

3. Write the full expansions of the following : 

4. Find the seventh term of (a—xy^. 

5. Find the fourth term of (x- ^T . Arts, H^ilO ^V^ 

6. Find the term containing x^ inf^^ — ^—7=) • 

Arts. 3003 -^ . 
or 

66. The Binomial Theorem for Fractional and Negative Ex- 
ponents. — It is proved by the Calculus that the use of the Bino- 
mial Theorem can be extended to fractional and negative powers 
of a binomial under certain restrictions. 

gives an unending succession of terms if n is fractional or nega- 
tive; but if a; is numerically less than a (and only then), the 
sum formed by adding more and more of these terms will ap- 
proach as a limit the value of (a -far)**. 

In such an application of the Binomial Theorem, it is con- 
venient to use the following expansion, which holds true for 
any value of x numerically less than 1 : 

n(n-l)(n-2)(n-3) ^^ 

1 • 2 • 3 • 4 



For the sake of compactness and accuracy, the work is best 
arranged in the form shown in the following example: 
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Expand (4 — a;) "I to live terms. 

(.-.)-..4-.(.-|)-'.i(,_«)-'. 

11111 

_ 3. 15 35 315 

2 8 16 128 



X 



^ ^ ^ 

fi ^'i-l- 1 ^J. 3 a; ,15 x» ,^ 35 x» ^ 315 a^\ 

The first line contains the powers of 1 ; the second line con- 
tains the coefficients, each of which is derived from the preced- 
ing one by multiplying by an appropriate factor ; the third line 

contains the powers of ( — -j)* ^^^ three parts of each term 

lying in the same vertical column are multiplied together. 
Note especially the simple method of getting the coefficients; 

the first is n; multiplied by ^^^^ , it gives the second ; this prod- 
uct multiplied in turn by ^"" gives the third; this product 
times ^~" gives the fourth, and so on; that is, the first coeffi- 

= TT8"- 

When such an expansion as this is applied to numerical com- 
putation, this use of multipliers can be carried a step further 
to advantage. We note that any complete term can be got by 
multiplying the preceding term by a simple factor; these multi- 
pliers are, for the expansion of {l-\-x)^: 

To get the second term from the first: tuc. 

To get the third term from the second : —^ x. 

To get the fourth term from the third : — «— x, 
and so on. 
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1 



Example: Find to eiffht decimals the value of —^ . 

V(3.9)» 

= (4-.TV)-«=Ki-i^)-«. 

Using the notation 2\ for first term, T^ for second term, T^ 
for third term, etc., we have Ti = l, T2 = nx= (— f) (—^) =-^, 

r.= ^lx.r,=i^(_^)r,= ^r.= 3iT,.etc. The 
whole computation is conveniently arranged as follows: 

2^1= 1.000000000 

r,= „a.=:_|(_^) --^_. .037500000 

T,= ^xr,=(-{)(-^) T,= ^T,= .001171875 

r,= ^xr,=(-j) (-^) r,=^}^r,= .oooo84i8o 






.000000901 
.000000026 

.000000001 

8 )1.038707048 
.12983838 



The work has been carried to nine decimals, that the eighth 
place may be correct. 

In an example of this sort it becomes evident after a few 
multipliers have been computed that the others will follow ac- 
cording to some simple rule; here the coefficients of.^ in the 
multipliers have successive odd numbers for numerators and 
successive even numbers for denominators. 

Examples I. 
Expand each of the following to five terms : 

1. z . Arts. 1—x+x^ — a^+x^. 

1 +x 

3. VI +a;. Arts, l+ix-ia^-^^a^^^i^x^ 

4. VT=^. Ans. l-ia;2~ix*-^a;*-y|Y^. 
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1+x 1+x *" -^ 

6. (l-a;)«. Ans. l-ix-^a^-^-^af-^x'. 

7. (l+x)-^. Ans. l-ix+Ux'^^^a^+ilU^^ 

Examples II. 

Find the value of each of the following to the number of deci- 
mal places indicated, carrying the work in each case one place 
further than is required in the result 

1. 1 (eight places). Ans. 0.97087379. 

2. J: (seven places). Ans. 0.9534626. 

V 1.1 

3. 1 V1 + tV =V^ (seven places). Ans. 1.4142136. 

4. iVl-Ty=^^ (seven places). Ans. 1.7320508. 

5. »y34^ (ei ght place s). Ans. 4.09818507. 

6. »V;^=|» V1 + tt t(^p places). Ans. 1.2599210499. 

7. V2=^ Vl--^ (seven places). 

8. 7^/^30)8 =i(l+K^)"^ (seven places). Ans. 0.1241722. 

66. The Expansion of (a + 6/)''. — ^In the expansion of 
(a+bi)^, where a and b are real and t= V — l, we have only to 
note that {*= — 1, t"= — t, t*=l, t*=t, etc., the powers repeating 
in cycles of four. As the first term contains t% the third t* and 
so on, every odd-numbered term is real, with signs alternately 
+ and — ; the even-numbered terms in the same way contain 
odd powers of i, equal to i, —i, i, — t alternately. Hence, col- 
lecting separately the real and imaginary parts of the expansion : 

, . -^, . n(n— 1) ..__ ^ n(n— l)(n— 2)(n— 8) ^.^ 

(a + 60"= a* js a"-*6* + tj a*-*^*— .... 

^S ^ IX »(»-lH>i~2) .^., . n(n~1)(n~2 ) (n~8)(n-4 ) "1 

+ * I fki»-*6 jg a"-*6»+ * a*-»6»— .... I 

Thus {a-\-bi)^^P-\-Qi, where P and are real. 

In the expansion of (a— 6i)*, the only diflferenoe is that b of 
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(a+6t)» is replaced by -6. This change does not affect P, as 
only even powers of 6 occur in P, and merely changes the sign 
of Q, as only odd powers occur in Q; hence 

and 

where P and Q are real. 

From this it follows that if we have any polynomial, f{x)y 
with real coefficients, and substitute in it (a+W) and (a— 6t) 
in turn, after collecting the real and pure imaginary parts we 
shall have, if f{a+bi) =p +qi, f{a-'bi) =p—gi, the two results 
being conjugate. 

// f{x) is a polynomial with real coefficients, 

f{a-\-bi) =p-{-qi, fia—bi) =p—qij 
where p and q are real. 

67. The Expansion of (a + by/c) ". — If a and b are rational, 
and Vc is irrational, odd powers of Vc are irrational, and even 
powers rational, so that a proof similar to that of the preceding 
article shows that 

(a+6Vc)»=P4-eVc, 

where P and Q are rational. The effect of changing 6 to —6 
is the same as in the preceding case, so that 

{a-bVcy-P-Q^Tc. 

Also, it f{x) is a polynomial with rational coefficients, and 
the conjugate quadratic surds (a+bVc) and (a—by/c) are put 
in place of x, the results, fia+byfc) and fia—bVc), will be 
conjugate quadratic surds. 

68. The Bemainder Theorem. — Consider the cubic function 

f{x)=2a^+x^-x-{-10. 
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If we divide it by (x—2), the quotient will be 2i!^+5x+9 and 
the remainder 28. Again, if we substitute 2 for x, we find 
/(2) =28. Dividing by (x—l), we get 12 for a remainder, and 
substituting 1 for a: we get /(I) =12. We may try this for any 
number, and find always that dividing f(x) by (a?— a) will leave 
f(a) for a remainder. This happens as follows: The first 
division shows that 

f{x) ^2a^+x'-x+10= (ir-2) (2a:« + 5a?+9) +28. 

If we put 2 for x throughout, the identiiy gives 

/(2)=28. 

In the general case, let the division of f{x) by (re— a) be car- 
ried out, as it always can be, until a remainder occurs not in- 
volving x; i. e., a constant number. Call this remainder B; 
then 

f(x)^(x'-a)Q(x)+B, 

Q(x) being the quotient. This relation, true for any value of 
X, gives for the value a: 

f{a) = (a'-a)Q(a) +B=B. 

It is evident that f{x) in this proof may stand for any polyno- 
mial, so that we have the theorem : 

If any polynomial, f(x), be divided by (x—a), the remainder 
found wUl be f{d). 

It therefore follows that: 

If for any polynomial, f{x), f(a) =0, then (x—a) is a factor 
of f{x) \ or if a is a root of a/ny algebraic equation, f{x) =0, 
tJien {x—a) is a factor of its left member; and conversely: 

If (x—a) is a factor of any polynomial, f(x), then f(a) =0; 
or if (x—a) is a factor of the left mrcmier of o/nA/ algebraic equor 
tion, then a is a root of the equation, 

6 
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equations. 

69. Seducing Equations; Factoring Polynomials. — ^The pro- 
cess of dividing an equation f(x) =0 by (x-^a), a being a root 
of the equation, is called dividing out or removing the root a; 
and the equation obtained, one unit lower in degree, and con- 
taining one root fewer, is called the reduced equation. 

In the example of the preceding article, dividing the root 
(—2) out of tiie equation 2a;'+a;^— a?+10=0, we get the re- 
duced equation 2a;*— 3ir+5=0. It is evident that the roots of 
the reduced equation are roots of the original equation. We are 
thus enabled in this case to solve the cubic equation completely, 
its roots being -2, i(3±V-31). 

Whenever the left member of an equation can he factored, the 
soluiion of the equation can he simplified. 

Again, since we know that 1(3 + V— 31) and J(3— V— 31) 
are roots of 2a;' — 3a:+5=0, we know that 2a;*— 3a; +5 can be 
divided exactly by a;-i(3 + V^^^ST) and by a;-i(3- V^^) ; 

hence its factors are [a;-l(3 + V-31)][a;-l(3— V-31)} 
and some number not involving x, which evidently is 8. Finally 
we are able to factor the cubic function : 

2a;»+ar^-a;+10 = 2(a;+2)[a;-i(3 + V^=^)] 

[a;-i(3-V^^3T)]. 

Whenever we can solve the equation formed hy setting a given 
polynomial equal to zero, we can factor the polynomial, 

60. Factors of a Quadratic. — It is often important to know 
the nature of the factors of a quadratic expression such as may 
be represented in general by aa^+hx+c or by ax^+hxy+cy^. 
Since the factors of ax^-{-hx-{-c are found by solving the equa- 
tion ax^ + hx+c=^0, they will be real when 6*— 4ac is positive, 
imaginary when h^—^ac is negative, and equal when 6*— 4flK;=0. 
The same discrimination also holds for the form with two vari- 
ables, as may be seen from the equation ai — J ^.M— J + c=0. 
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61. Forming Equations. — Suppose we wish to form an eqna^ 
tion having the roots — 1, 2 and 3. Evidently the equation 

(a?+l)(a;-2)(a?-3)=0 

has these roots, for if we make a:=— 1, or 2 or 3, one of the 
factors of the left member becomes zero, and the equation is 
satisfied. Any other equation having the same roots must be 
divisible by (x+l), {x—2) and (x— 3) ; if this other equation 
is only of degree 3, it will be Jc{x+1) (a?— 2) (a;— 3) =0, where 
h is some constant. 

The general principles exemplified here are stated : 

An equation having given roots a, i, c, etc., may he formed hy 
setting equal to zero the product of the factors (x—a), (x—b), 
(x—c), etc. 

Two equations of the same degree having the sam^ roots, have 
also the same coefficients, or can be made to have by dividing 
one of the equations by a constant factor. 

An equation having n roots is of the n-th degree. 

62. Imaginary and Irrational Boots. — Given an equation 
f(x)=0 of which the coeflBcients are real, and suppose that an 
imaginary, a+bi (a and b real) is one of its roots; then 

/(a+6i)=0. 
But 

f{a+bi)=P+Q%, 

where P and Q are real; then 

P+Qi=0, 

so that P=0 and ^=0; consequently 

f{a-bi)=P-Qi=0, 

so that a—bi is also a root. 

Similarly, if the coefficients of f(x)=0 are rational, and a 
quadratic surd, a+bVc, is one of its roots, a— &VF is also a 
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These facts are generally stated : 

Imaginary and qvadratic surd roots occur in conjugate pairs. 

63. Nninber of Boots of an Algebraio Equation. — Any alge- 
braic equation of the nrth degree has just n roots; and wivy poly- 
nomiai of the n-th degree can he factored (in only one way) into 
n linear factors. 

This follows immediately from the fact that any algebraic 
equation has at least one root, the proof of which cannot be 
given here. Assuming it, we see that we could reduce any given 
equation of the nth degree to one of degree (»— 1) by dividing 
out the assumed root; we could then treat the reduced equation 
in the same way, obtaining 2 roots in all of the original equa- 
tion, and a reduced equation of degree n— 2. Just n such steps 
are possible, so that there are n roots. The original equation 
can be factored in this way into n factors and written in the 
form 

Jc(x-'a) (x—b) (a?— c) .... =0. 

There cannot be any root in addition to what would be found 
in this way, for if there were more than n roots, the degree of 
the equation would be higher than the nth. Furthermore, a 
different set of roots could not be found in some other way, for 
if we substitute for x a number p different from every one of the 
roots a,b,c, ... ., we get 

Jcip—a) (p—b) (p—c) =0, 

an untrue relation, since no one of the factors is zero. 

Further, we have seen that if the coefl&cients of an algebraic 
equation are real, imaginary roots occur in pairs; hence: 

An algebraic equaiion of odd degree, if its coefficients are real, 
Jias at least one real root. 

Examples. 

In each of the following, either /(I) or /(—I) is zero; aided 
by this information, factor f(x) and give all the roots of 
f(a;)=0. 
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1. /(a:)s3a:*-2a;^+4ir-5. 

2. f{x)s2a^''3x^''7x-2. 
Factor each of the following: 

3. 6a:*-7a;-3 and x^-x+l. 
Solve each of the following: 

4. (x''-5x+e){2x'+ll[x+S)=:0. 

5. a^'-lla^ + lOxzriO. 

Form the rational equations of lowest degree having the roots 
indicated : 

6. Eoots ~|, f, 1, -2. 

7. Eoots -1, 1, 4, 0. 

8. Eoots 100, 1, -1, -2. 

9. One root is 3— V2, another —1. 

10. Two of the roots are 1- V^^3 and 1- V^. 

11. One root is V2 - V3. 

64. Belations of Boots and Coeffloients. — ^From the two 
articles just preceding, it follows that if an algebraic equation 
is divided through by the coeflScient of its term of highest degree, 
thus being reduced to the form 

its left member may be obtained by multiplying together n 
factors 

(x—a) (x—h) (x—c) . . . ., 

where a, h, c, etc., are the n roots. 

According to the Theorem of the Product of Linear Factors 
(Art. 53) : 

Pi= — (a+& + c+ . . . .) =the negative of the sum of the 

roots; 

Pj=(a6 + 6c+ca+ )=the sum of the products of the 

roots by twos; 

P3= — (a6c+ . . . .) =the negative of the sum of the 

products of the roots by threes; 

and so on, until finally 
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pn= the product of aU the roots if n is even, the negative of 
this product if n is odd. 

The chief use that we shall make of this theorem is in check- 
ing the results of computations of roots; for this purpose the 
two results 

Pj= — (a+6+c+. .. .) and pn= ±a6c. .. . 
are used. 

64a. Changing the Signs of all the Boots. — ^If^ instead of 
a, h, c, etc., for the roots of the equation in the preceding article, 
we had used —a, —6, —c, etc., their negatives, the n factors 
would have been 

(ir+a) (a:+6) {x-\-c) . . . ., 

with the same resulting coefficients except that none of the 
parentheses would be marked negative. Hence : 

The signs of all the roots of an algebraic equation are changed 
hy changing the signs of the coefficients of altemaie powers of 
the variable. 

Examples. 

1. Write the equation whose roots are the negatives of the 
roots of 3a:* - 2a:» + re - 1 = 0; of 4a;* + 3a:*+a;-5 = 0; of 
4a;*-3a;+5 = 0; of 2a:'-2a; + l = 0. 

2. Solve a;* + 4a;» + Sar^ + 2a;- 2 = 0, one root being - 1 + V"^. 

3. Solve 6a;*-13a;'-35a:2-a;+3 = 0, one root being 2 — V3. 
Solve the following equations : 

4. 2a;' — 19a;* + 57a;— 54=0, the roots forming a g. p. 

5. 3a;* — 16a:*+12a;+16 = 0, one root being double one of the 
other roots. 

6. 6ar*-7a;* — 16a;2+21a;— 6 = 0, the product of two of the 
roots being -3. 

7. 12a;*— a;* — 54a;*+4a;+24=0, the sum of two roots being 
zero. 

8. Show from the Law of Coefficients that if the area of a 
rectangle is a and its perimeter is p, its dimensions are the roots 

of 5^-^5 + a=0. 



CHAPTER IV. 

Algebraic Pbooesses. 

65. Tint of Detached Coefflcients. — Consider the multiplier* 
tion: 

7a^+13af- 2ir + 1 
3a;*- a; 4- 3 



21a;« + 39a:» - Qi^ + Sx' 

- 7rc»-13ar* +2a:«- a: 

21ar*+39a;» -6a; +3 

21a;« + 32a;»4- 8a;*+33a;»+5a;*-7a;+3 

It is not necessary to waste time and space by writing the 
powers of x; we may write only the coeflScients, indicating the 
absence of missing powers by zeros, and letting the position of 
each coeflBcient tell what power of x it is meant to affect. 

Thus abbreviated^ the multiplication stands: 

7 + 13+ 0- 2 + 1 
3- 1 + 3 



21 + 39+ 0- 6 + 3 
- 7-13+ + 2-1 

21 + 39 + 0-6 + 3 

21 + 32+ 8 + 33 + 5-7+3 



The degree of the product is the sum of the degrees of the 
factors, so that the product may be read off by inserting men- 
tally the powers 6, 5, 4, 3, 2, 1, of a? after the coefi&cients. 
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The inyerse process of division may be similarly simplified; 
e. g. ! 

3-1 + 3)21 + 32+ 8 + 33 + 5-7 + 3(7+13 + 0-2 + 1 
21- 7+21 

39-13+33 
39-13 + 39 

0- 6+5-7 
- 6+2-6 

3-1 + 3 
3-1 + 3 

+ 0+0 

These processes are said to be performed with detached coefjpr 
dents. 

66. Synthetic Division by a Binomial. — ^Division by a bino- 
mial of the form {x±a) can be further simplified. Consider 
the process: 

(7ar* + 13a:» + 2ir+l) -f- (x-S). 

1-3)7+13 + 0+2 + 1(7+34+102 + 308 
7-21 

34+ 
34-102 



102+ 2 
102-306 

308+ 1 
308-924 

925 
Quotient: 

925 



7a:» + 34a;* + 102a; + 308 + 



x-S* 
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The numbers 7, 34, 102 and 308, as well as 0, 2, 1, the num- 
bers " brought down/' have been written twice, though once is 
enough. The essential figures are : 

-3)7 + 13 + 0+2 + 1(7 + 34+102 + 308 
-21 



34-102 



102-306 

308-924 
925 

Moving the double diagonal line into a horizontal position, 
for the sake of compactness, we have : 

-3)7+13+ 0+ 2+ 1 
-21-102-306-924 

7 + 34+102 + 308+925 

No separate writing of the quotient is necessary; the coeffi- 
cients on the lowest line give quotient and remainder; the quo- 
tient is of degree 3 (one less than that of the dividend), so that 
the result may be read directly. Finally, as addition is simpler 
than subtraction, +3 is put in place of —3 in the divisor, and 
the columns are added, giving the process of synthetic division, 
as follows: 

3)7 + 13+ 0+ 2+ 1 
+ 21 + 102 + 306 + 924 



Besult : 



7+34+102 + 308 + 925 



7a:» + 34a:«+102a?+308+ ®^^ 



»-3* 
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67. Synthetie Division by a Polynomial. — ^Required the quo- 
tient of 

(a;« + 5aJ»-a;4-.10a;» + 31x*-19ir+12) -^ {a^ + 2x^Sx+2). 



1 

-2 

3 

-2 


1 + 5«.1«10 

-2-6+ 8 

3+ 9 

- 2 




l + 3«.4+ 5 



+ 31- 


19 + 12 


-10 




-12 + 15 


- 6 + 


8-10 


3 + 


4+ 2 



Besult: 



^+3:r«-4x+5+-,g±i^. 

a;" + 2a:^ — 3a;+2 



*The detached coeflScients of the dividend are written on a 
horizontal line; the detached coeflBcients of the divisor, with 
the signs of all but the first changed, on a vertical line to the 
left; a horizontal line is drawn under all. The quotient is evi- 
dently to be of degree 3 (the degree of the dividend minus that 
of the divisor), so that four spaces are counted oS for the degrees 
3, 2, 1, and a vertical bar drawn. The first term of the quo- 
tient is written under the line, and its products by the terms of 
the divisor (except the first) on a left-to-right downward diago- 
nal; the second column is summed and the process repeated 
until the products by the absolute term (that of degree zero) 
of the quotient have been written; then the columns are all 
summed and the result is read. 

The process may be continued to develop the quotient in 
negative powers of x; then each column must be filled at the top 
before being summed. 

The preceding exposition of synthetic division presupposes 
the arrangement of both dividend and divisor in descending 
powers of x, but the process is equally valid if they are arranged 
in ascending powers. 
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n 



"Example: 



(a^+4)-(a;«-2a;+2) or (2+ ^) -^ (l-x+ -|-J 



1 
2 
2 



1+0+0 

2+4 
-2 


+0+4 

+4 

-4-4 

+0+0 


1 
1 

-4 


2+0+0 

2+2 

-1 

2+2+1 


+0+J 

+1 
-1-4 


1+2+2 


+o+o| 



Eesult: (r^+2a;+2) or (2 + 2a:+ir*), the same. 

68. Syntlietic Substitution of a ITiimber. — If f{x) is a poly- 
nomial, its value for a;=a may be found by the process of syn- 
thetic division, since, if the given polynomial is divided by 
{x—d)y the remainder is f{a). 

For instance, given f{x) sa;* — 7a;* + 17a:— 2, to find /(2) ; we 
divide f{x) by (a;— 2) as follows: 

1-7 + 17 - 2 
2-10 +14 



1-5+ 7; +12 

getting the remainder 12; hence, by the Eemainder Theorem, 
/(2)=12. 

Examples. 

In each of the following examples use the synthetic method. 

Remove the rational roots from the following, and solve the 
resulting reduced equation : 

1. 3aH»-16iF2 + 12ar+16 = 0. 

2. 12a;*-x»-54a;* + 4a;+24=0. 

3. 3a;»-14a;2-25 = 0. 

4. 2a;*+a;»-13a;2-5a;+12=0. 

Find the values of the following functions for the indicated 
values of x: 

5. 2a;»-3a;*-36iF+20 for a;=-3, -2, -1, 0, 1, 2, 3. 

6. a;» + 3ar*-9a?+2 for a;=-4, -3, -2, -1, 0, 2. 
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Perf arm the following divisions : 

7. 2a:*-3ar*+a:«-5a;+7 by a^'-2x^+2x-2. 

8. {x+iy by (ar-l)». 

9. 16a^-eai''-26x^+2a^-21x' + 2S by 5a:»-2ar* + 3a;-4. 

10. l + llar+l lar'+a :* by (1-a?)" to six terms. 

11. Expand VTTi to six terms, and VI— a? to six terms, 

and obtain by division the expansion to six terms of jJ ; 

obtain the same result by dividing the expansion of y/l—a^ by 
l—x. 

69. Synthetio Substitution of a Binomial. — Suppose it is r&* 
quired to substitute (y+a) for a? in a cubic function 

aai^+hx^+cx+d; 

the actual substitution is a long process, but we can imagine the 
powers of (y+d) expanded and the terms of like degree com- 
bined, giving an expression 

pf+qy^+fy+s. 

Since y:=X'^a, if we should now substitute (a;— a) for y in 
this expression, again expand powers, and collect terms, we 
should have the original cubic function of x; then 

p(X'-ay+q(x'-ay+r(x'-a)+s=aa:^+hx^+cx+d. 

Divide this identity by (x—a) ; we know from the form of the 
left member that the remainder wiU be s; divide the quotient by 
(a;— a), and the remainder will be r; divide the second quotient 
by (x—a), and the ranainder will be q; it is unnecessary to go 
further, as it is evident that p=a. 
Example: Given f{x) s2a;»-15a?*4-24ar+6, find f{y+2). 



/(y-h2)s23^-32/^-12y+10. 



2 


-15 

+ 4 


+24 +6 
-22 +4 


2 


-11 
+ 4 


+ 2; 10 
-14 


2 


- 7; 
+ 4 


-1? 


2; 


- 3 
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Suppofie the number r to be a root of 2a^ — 15ar*+24a;+6 = 0; 
making rr=r is equivalent, since ar=y+2, to making y-|-2 = r, 
or y=r— 2; hence r— 2 will be a root of the new equation 
2y'~3y*— 12y+10=0. The method and results are evidently 
general, so we have: 

70. To Diminish the Boots of an Equation. — Oiven f(x), a 
polynomial, to find /(y-ha); or given an algebraic equation 
f(x)=0, to write a new equation in terms of / of which each 
root shall be less by a than the corresponding root of f{x) =0; 
divide f(x) by (x^a), talcing the remainder as the new constant 
term; divide the quotient by (x—a), taking the remainder as 
the coefficient of /, and so proceed, getting all the desired coeffi- 
cients successively. 

71. Bemoving the Term of Next to the Highest Degree. — ^It 

is evident that in the process just described, if the roots of 

ac*+6a^+ca;+d=0 are lessened by the amount — ;r-f the 

h oa 

amount -K- will be subtracted three times from b, making the 

coelBBcient of the y^ term in the new equation zero. So for any 
equation, beginning ax^-\-bx^^+ . . . ., if the values of the roots 

are lessened by , the quantity — will be subtracted n times 

•^ na^ ^ "^ n 

from b, leaving zero. 
Example: Eemove the squared term from 

2a:»-12a:*+7a:-3 = 0. 

Evidently using +2 three times as a synthetic divisor will 
remove the term : 

2 

4 -1 

9 ; - 21 The new equation is 2y» - Vly ~ 21 = 0, 
having roots less by 2 than the corre- 
sponding roots of the original equation. 



2 


-12 
4 


+ t 
-16 


- 3 

-18 


2 


- 8 
4 


- 9; 

- 8 


-21 


2 


- 4; 
4 


-17 




2i 
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Ezamples. 

Diminisli the roots of the following equations hy the values 
indicated : 

L 3a;»-4a?«+7ir-7-0 by 1. Ans. 3y»+5y« + 8y-l = 0. 

2. a;*-12a:»+47a:*-66a;+30=0 by 3; and solve. 

Ans. Boots, 5, 1, 3±V3. 

3. 4a^-8a:»+3ir*+a;-3=0 by i; and solve. 

Ans. Eoots, i±iV5, i±iV'^. 
Increase the roots of the following equations by the values 
indicated : 

4. 7a;»-lla;^+15a;-6 = by 1. 

Ans. 72/»-32y2 + 58y-39 = 0. 

5. 5a:» + 10x^4- 5a;- 1 = by 2. 

Eemove the term of the next to the highest degree from each 
of the following equations: 

6. 7a;* + 63a?^ + 34a; - 276 = ; and solve. 

Ans. -3, -3±^Vl085. 

7. a;»-5a;*+6a;-l = 0. 

8. aa^+6a;+c=0; and solve. 

72. Cubic Equations. — ^We have already seen that the solu- 
tion of any cubic equation may be made to depend upon the 
solution of an equation of the form a;*-|-2?a:+g=0 (Art. 71). 
Scipione del Ferro, of Bologna (bom 1465, died 1526), dis- 
covered the solution of this simpler form, which was afterwards 
lost. February 12, 1535, Nicolo Fontana (nicknamed Tartaglia, 
"the Stammerer ^^) discovered and published the solution that 
follows, and by 1541 had learned to apply it to the solution of 
any cubic equation. Under a pledge of secrecy, Girolamo Car- 
dan, of Pavia, secured from Tartaglia the general solution and 
straightway published it. The solution that follows is com- 
monly called Cardan's. Cardan also published the solution of 
the general equation of the fourth degree, or biquadratic equa- 
tion, discovered by his pupil Ludovico Ferrari, of Bologna 
(1522-1562). 
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73. Tlie Cube Boots of TTnity.— The simplest cubic equation 
is a;«=l or a;»-l=0, which, since it is factorable, is readily 
solved: 

(x-l){x'+x+l)=0 
has for its roots 

' 2 ' 

or 

^ -l+tV3 -l-tV3 
' 2 ' 2 • 

If we denote ~ ^^^ by », we find, by actually squaring « and 
taking its reciprocal, that 

-l-tV3 ^^,_ J, 

As any number n is n x 1, the cube root of n is 

"fn, ©"^n^ OT w^^^, 

^n denoting any number which, when cubed, gives n. 
74. The General CuhiGfjr9+pjr+q=0. — To solve 

ic*+pa;+3=0. (1) 

Let 

x=z-{-v; (2) 

then 

or 

«» + t;»+ (Szv+p) (z+v) +g=0. (3) 

The condition x=z-^v does not fix the values of z and v; we 
can impose a second condition on the two quantities, and will 
choose it so as to simplify equation (3). 
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Make 32t;+p=0 by letting 



then (3) becomes 



^=-£' w 



^•+i;»+gf=0, (5) 



or 



'•-2&+3=0' 



or 



«•+?'»•= ^. (6) 

Solving (6) afi a quadratic in «', we get 

and from (5), 

x=z+v, and whether we take the upper or the lower signs^ 

There are three cube roots of z* and three of v* ; these can be 
combined in only three ways (Art. 73). However, as from (4) 

it is evident that the product of a pair is always the same, — -f^, 

3 

if the cube roots of z^ are z, wz. and «*«. and if ^^ =t;> then 

— 3« 

— ^ — = lo^Vy — ^ — = taVj 

since w*=l, and the three roots of a^-{-px+q=:0 are 

Z'\-Vj ©«+ft)*t;, and io^z+<av. 
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Evidently, if -?- + -^ is negative, it is necessary to find the 

cube root of an imaginary in order to solve the equation. This 
can be done, approximately, by methods of trigonometry, but 
not by arithmetical processes. The solution is therefore not 
general in the same sense as that of the quadratic equation. It 
can be shown that it is precisely in this irreducible case (when 

£. + ^<0) that an equation a^+px+q=0 with real coeffi- 
cients has three real roots. 

A perfectly general method for obtaining the real roots of any 
algebraic equation having real coefficients will be developed later 
under the name of Homer's Method, 

76. As an illustration of Cwrdan's Method, we will solve the 
equation 

a:»-15a:+30=0. 
Here 

Let x=z+v; 

«* + v*+ (32;t;-15) (z-{-v) +30=0. 

Let zv = 5; 

«» + t;» + 30 = 0, 

^_|.l|5 + 30 = 0, 

2« + 30;z» + 125 = 0. 

30^^^ 5 or -25. 
2 

t;«=-30-2;'=-25 or - 5. 
x=z — ^ — ^9^^; reducing by logarithms, 

^25 = 2.9240, ^"5 = 1.7100 ; 
x= -1.7100-2.9240= -4.6340, the real root. 
7 
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The imaginary roots are 

-©^T-a)*^^ and -©^^l-w^IS, 
which, simplified, are 

or 

2.3170 ±1.0514\r:^. 

The sum of the three roots is clearly zero; the product is 

-4.6340 (2.3170* +1.05142) =30.000. 

76. Trigonometrio Solutioii of the Cubic with Three Beal 
Boots. — In finding the three real roots of an equation 

J £. ^ |L J <0, we must abandon the general solution altogether, 

and make use of the identity proved in trigonometry: 

cos* ^-f cos O-i cos 3^ = 0. 
Now in a?+px-^q=0 we can assume x=iicobO, getting 

COS* tf-h ^ cos 0+ -% = 0, 
which, according to the identity, will hold if 

J = -, or .= ^, 

and 

q cos SO ^ ^ „>, 4q 

-^ = 5 — or cos 3^= i-. 

n' 4 n' 

We compute cos 30, and thence find 30 and 0. 

It is shown in trigonometry that 360** ±3^ has the same cosine 
as 30, so the three real roots are 

Xj^=:ncos0, a;2=ncos(120° + ^), a:8=ncos(120°— ^). 
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As a check, we have 

77, Example: Solve a:»-6.75a:+ 1.75 = 0. 

In this example, it is to be noted that the cosine of an obtuse 
angle is negative; i. e., 

CO8(180°— ^) s — cos<^. 
A convenient form for the solution is: 

-4g=~7 log 0.84510* 

n=V^^=3. n^=27 colog 8.56864-10 



3^=105** or 34.5" log cos 9.41374-10„ 

e= 85O00'81.6" log COB 9.91382—10 

120o + ^=165®00'31.5" log COB 9.95730— 10, 

120«-^= 84«59'28.5" logcoB 8.94106- 10 

-^=„j yog 0.47712 Jlog 0.47712 Jlog 0.47712 

«,= 2.4572 logO.89044 

«,= —2.7191 logo. 48442, logO. 43442, 



2:3= 0.26192 log 9.41818 log9.41818 

a;,x,x3=:_5=:-1.75 logO.24804. 

a!i + X2 + x,= 0.0000 

We have finally two methods of solving a^'\-pX'\-q=0: 
Cardan^s Algebraic Solution when [-?- J + (-£ j >0. 

Trigonometric Solution when f-^ j + (—-) <0. 
Clearly the roots are 2 ^ _ ? ^ ^f 9 Jg, ^hen 
iij "^ (ly "^^^ (Note that a>+io^=-l.) 
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Examples. 

1. Find the real root of a:»-5a:+5 = 0. Ans. —2.6274. 

2. Find the real root of a:* + 2a:- 3.5 = 0. Ans. 1.0945. 

3. Find all the roots of a:»-6a:+ 5.2 = 0. 

Ans. -2.8027, 1.0719, 1.7308. 

4. Find all the roots of a:" — 6a:— 5.2=0. 

Ans. -1.7308, -1.0719, 2.8027. 

6. Find all the roots of a:* -4.5a: -2.55 = 0. 

Ans. -1.7426, -0.6195, 2.3621. 

6. Solve a:*— a:*+a:+l = and check. 

7. Solve 2a:' + 3a:2- 12a:— 10 = and check. 

8. Solve a:* — 3a:* — 9a: +15 = and check. 

9. Solve a:»-12x+16 = by Cardan's Method. 
10. Solve Example 9 by method of Art 76. 



CHAPTEE V. 

Graphical Eepresbntation. 

78. Representation of Beal Nnmben. — For purposes of com- 
parison real numbers are represented on a scale as follows : 

On a straight line mark a zero-point 0, and choosing some 
convenient length to correspond to a unit of numerical magni- 
tude, represent every positive number by a point to the right of 
0, and every negative number by a point to the left, making the 
distance from to the point correspond to the numerical magni- 
tude of the number. 

This process is called plotting the number. 

Fig. 2 shows a scale on which a few numbers have been plotted. 
Square roots of positive integers are readily plotted without com- 
putation, and their values roughly estimated from their posi- 
tions on the scale. 

Y 



^2 -// -/ 



IS — r 
\ I 
\ I 



Llu 



/ I^VTr 



jr 



-X 



Fio. 2. 



79. Plotting the Oraph of a Function. — ^We may show 
graphically by means of a curve the values of a function corre- 
sponding to given values of its independent variable, and also 
the way in which a function changes as its variable is changed. 

Draw two straight lines, X'X and Y'Y, at right angles, inter- 
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secting at 0. TaMng as the origin of measurementy or zero- 
point, lay oflf, on any convenient scale, the values of x along 
X'X, positive to the right, negative to the left, as described in 
the preceding article. The line X'X we shall call the x-dxis. 

At each point of the ir-axis, erect a perpendicular line of length 
equal by scale to the magnitude of f{x) corresponding to the value 
of X at that point, above X'X if the function is positive, below if 
it is negative ; draw a smooth curve through the ends of the per- 
pendiculars. This curve is called the grapli of f{x) . 

The perpendicular distance from any given point of the graph 
to the X-axis is called the ordinate of the point, and the value of x 
for the given point is called the abscissa. 

The value of f{x) for any given value of x is the length by scale 
of the ordinate of the curve corresponding to the given value of x. 
Also, the value of x that causes f(x) to have any given value is the 
length by scale of the abscissa of that point of the graph whose 
ordinate is the given value of f{x). 

80. Orapli of a linear Function. — ^If f{x) is of the first degree^ 
its graph is a straight line, and therefore such a function is 
called linear. 

For example, given 

/(a;)=-|.+2, 

the values of /(rr), for values of x from —4 to -|-3, are: 

X :-4, -3, -2, -1, 0, -1-1, +2, +3 
fix): 0, -hi, -hi, -hi, +2, -h|, -h3, -hi 

The points corresponding to these values are plotted in Fig. 3, 
and the graph drawn through them. 

If a straight line is drawn from each point of the graph 
parallel to the ar-axis, as in the figure, it is obvious, from the 
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successive values of /(a;), that the perpendicular in the series 
of right triangles thus formed is -J the base. Hence all the 
right triangles are equal, and the acute angles adjacent to their 
bases are equal. From the principles of plane geometry this 
can only be true if the successive portions of the graph lie in the 
same straight line, AB. 




Fio. 3. 

A further deduction may be made from this property, that 
the increase in f{x) bears a constant ratio to the increase in x. 

In this particular case tlie ratio is i, the coefficient of a? in 
f{x), and in any other linear function (ma;+6), the ratio would 
be m. This ratio measures the tangent of the angle which the 
straight line makes with the a:-axis. 

Eauimples. 

Draw the graphs of the following functions : 

1. 3x, 2x, X, \x, \x, 

2. -2x, -ix, -2x+3, '-ix+2. 

3. Using the same set of axes, draw the graphs of 5a:— 2 and 
3a: +4. How do the graphs indicate the value of x for which the 
two functions are equal? 



8S 
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81. Oraph of jr». — Vfe shall find that the graph of any other 
function of x than the linear function is a curve. Consider the 
graph of a;*. When 

x=— 3, — 2, — f, — 1, — f, — J, — J, 0, J, Y, f, 1,T>2, 3, 
/(x)=x»= 9, 4, i, 1, A, h T^,0,Tif,iA,l,*,4,9. 

Plotting these values by the process described, and sketching 
in a smooth curve through the successive points, we obtain the 
graph given in Fig. 4. 




The abscissa and ordinate of any point on this graph repre* 
sent a number and its square, so that we can determine the 
square of a number a by measuring the ordinate of the point of 
the graph having the abscissa a, or we can determine the square 
root of a number b by measuring the abscissa of the point of the 
graph having the ordinate 6. 
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Any graph shows the real values of the function correspond- 
ing to real values of the variable; this graph shows that every 
real number has a positive square^ that a negative number has 
no real square root, and that a positive number has two real 
square roots, numerically equal, but opposite in sign. 

The graph also shows that if x starts with a negative value 
and increases, a^ decreases, rapidly at first, then more and more 
slowly until it becomes zero when x=0; from here a^ increases 
as X increases, slowly at first, then more and more rapidly. 

82. The Graphs of (jr»+a) and (jr+a)»,— By property shift- 
ing the axes, we can make the same curve that we drew as the 
graph of a^ serve as the graph of (a^+a) or of (ar+a)^, a being 
any given number. For instance, suppose we should construct 
the graph of {x^-{-l) independently. For any value of x, the 
point representing (a^ + l) would be one unit higher tiian the 
point representing a^; thus the graph of (a:* + l) would be the 
graph of a^ raised one unit. We can, however, get the same 
effect more easily by leaving the graph where it is and lowering 
the iT-axis one unit. In the same way, the graph of (a^— 2) can 
be obtained from the graph of a^ by raising the or-axis two units. 

Again, suppose we should construct the graph of (x+1)^; 
in the table of values of x and (x+l)^ we should have the 
same set of values for (ar+1)* that we had for a^, except that 
the corresponding value of x would be one less. This means 
that the graph of (a;+l)* is the graph of x^ shifted one unit to 
the left, or is the graph of x^ with the y-axis shifted one unit to 
the right In the same way, the graph of (a;— 2)* can be ob- 
tained from tiie graph of a^ by shifting the y-axis two units to 
the left 

These considerations are perfectly general, and may be ap- 
plied to any function : 

The graph of f{x) -|-a can he oitaxned from the graph of f(x) 
by shifting the x-axis a units downward; and 
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The graph of f{x'\-a) can he obtained from the graph of f(x) 
by shifting the y-axis a units to the right. 
If a is negative, the shift is in the opposite direction. 

Examples. 
Draw the graphs of the following functions: 

1. ar*~3. 2. 2a:2 + l. 3. -ix'. 4. a^. 5. -2ic«. 

6. x'+x^. 

7. x^ and 2a; +3 on the same axes. How do the graphs show 
the values of x for which these two functions are equal ? 

8. rr* and 2a:— 1 on the same axes. How do the graphs show 
the values of x for which a:" — 2a;+l = 0? 

83. Slope of the Graph. — The steepness or slope of a graph at 
any point, which is the same as the slope of the tangent at that 
point, measures the rapidity with which the function is increas- 
ing with respect to its variable. The slope of a straight line is 
the tangent of the angle made by the line with the axis of x, and 
is considered positive if the acute angle made above the a:-axi8 
by these lines opens to the right, negative if it opens to the left. 
A decrease is thus regarded as a negative increase. We have 
already seen the use of the slope in the case of the linear func- 
tion, mx+b, for which the slope m of the graph showed that 
when X was increased, mx-\-b was increased m times as much. 

84. Slope of the Graph of x«. — ^Let P be any point of the 
graph of a;^, having the abscissa x and the ordinate a?^. Let PT 
represent the tangent to the graph at P, and draw PM parallel 
to OX, of any convenient length; erect a perpendicular to PM 
at M, meeting PT at T. 

The ratio p ^ is the desired slope of the graph (or of its 

tangent PT) at the point P; in order to find its value, erect a 
perpendicular to PM at any point N, extending it to meet the 
graph at Q. Draw the secant PQ and let it meet MT at S. 
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The ratio -p^ is by similar triangles equal to the ratio -pT^ . 

If we suppose the point N to move along MP, approaching P, Q 
will move along the graph, approaching P, and the lengths NP 

and NQ will each approach zero as a limit; the ratio p^ will 
thus become indeterminate, of the form tt, but as for every 
position it is equal to p^p , it must approach the same limit as 
WhJT 9 ^^ Wh? • Then if we can find the limit approached by pK , 



PM' PM 



PN 



MT 



we shall have the desired slope, -p^ 




For convenience, call PN=h, NQ = 1c; the abscissa and ordi- 
nate of P are x and a^ respectively; those of Q are (x+A) and 
(x' + k). Since {x' + k) = {x+hy, 
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The variable ratio ^, = 4- = ?^2+^ ; we want the limit, 

rrl ft A 

MT 

MT 
Hence -pv^ > the desired slope, is 2>x. 

86. From this general value of the slope we can derive the 
properties of the graph and the function that we observed in the 
discussion of Fig. 4; when x is negative and numerically large, 
the slope %x indicates that the graph slopes steeply downward to 
the right, or that a^ decreases rapidly as x increases, and so on. 
Note particularly that the slope changes sign as x passes through 
the value zero, and becomes zero when a;=0, indicating that the 
graph has the direction of the x-axis, and that the function has 
a minimum value. Besides this, the value 2x gives the slope of 
the graph for any value of x and shows the rate at which the 
function is increasing relatively to its argument x. For in- 
stance, when x=\y the slope is 1 ; that is, the tangent to the 
graph makes an angle of 45° with the a;-axis, and the function 
a^ is here increasing just as fast as x, 

86. The Derivative. — The slope in terms of x of the graph of 
any function of x is called the derivative of the function with 
respect to x. 

When the derivative is negative, the function decreases as x 
increases; when the derivative is positive, the function increases 
as X increases; when the derivative is zero, the graph of the func- 
tion is parallel to the axis of x and the function has a minimum 
or a maximum value. 

When a function of x is denoted by f{x)y its derivative with 
respect to x is denoted by f{x). 
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The process used to find the derivative of 7? will give the 
derivative of any function of x, A careful graph of the func- 
tion may be drawn in each case, but Fig. 5 will serve perfectly 
well as a diagram for all cases. The first part of the discussion 
is general; for any function, /(a:), the derivative f (a;), or the 
slope of the tangent PT, is 

In finding the derivative of a:*, we have x and of for the 
abscissa and ordinate of P. For those of Q, we have (a?+A) and 
(a;« + i;) = (a;4-&)»;here 

Thus the derivative of a:" is 3a:* ; the derivative of ar* is found 
in the same way to be 4a:* ; and so on. 

If we expand (a:4-A)'» by the binomial theorem, we shall find 
in the same way that ihs derwative of x^ is naf^K 

Examples. 

1. Find the derivatives of a:* +2, of 2a:*. 

2. Find the derivatives of a:* +4, of 5a^, 

3. Find the derivative of a?*. What are the derivatives of oar* 
and of a:* +0.^ if a is constant? What is the slope of the graph 
of a?* when a:=i? 

4. Find the derivative of a:*+a:'. 

87. Derivative of a Polynomial. — ^When we find the deriva- 
tive of a:" 4- ft, where a is any constant, the value a drops out, and 
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when we find the derivative of ax^y the factor a persists through- 
out the process^ so that : 

The derivative of it^+a is the same as that of ic*, 
or 

The derivative of a constant is zero; 
and 

The derivative of aaf^ is naaf^^. 

When we find the derivative of the sum of two or more func- 
tions, the process gives the sum of the derivatives of the several 
functions. 

We have consequently the following rule for finding the deri- 
vative of any polynomial : 

Multiply each term ty the exponent of x in that term, and 
reduce the exponent of x one unit. Drop any constant term. 

The constant term may be regarded as the coefficient of a?y 
and the last part of the rule omitted. 

88. Oraph of the Polynomial of Degree /i« — Consider the 
graph of the polynomial 

/ {x) s-^(4a:«-6a:«-45iF+12). 
The derivative is 

The derivative is zero when a;=f or — f ; the corresponding 
points of the graph are important. 

The values of f{x) are found by synthetic division; those that 
we shall need are the integral values from —4 to +5 and the 
values when f (a;) =0; these are: 

a = -4, -8. -2, -I, -1. 0, 1, 2. I. 8, I, B; 

/ (aj)=-16.0, -1.8, 4.6, 6.26, 4.7, 1.3, -3.6, -7.0, -7.66, -6.9, -0.8, 18.7; 
/'(x)= po8., pos., pos., 0, neg., neg:., neg., neg., 0, pos., pos., poB. 
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Plotting these values of f{x), and sketching a smooth curve 
through the successive points, we obtain the graph given in 
Fig. 6. y 




89. Tlse of the Oraph. — ^We study the relations between the 
value of f{x) and its independent variable, as x increases gradu- 
ally from —4 to +5, by following the extremity of the ordinate 
which represents the value of f{x)y as it slides along the graph. 

When a?= —4, f{x) starts with the value —16; and as x in- 
creases, f{x) increases, passing through the value when x is 
about —2.8, until, when a?=— 1.5, it reaches its highest value 
for the immediate vicinity, or reacfhes a maxtmum. It then 
begins to decrease, passing again through the value zero when 
a; = about 0.2, until when 2?= 2.5 it reaches its lowest value for 
the immediate vicinity, or reaches a minimum. It then begins 
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to increase^ passing once more through the value zero when 
:r= about 4.1. 

90. Eelation of Graph of f{x) to Solution of /(jr)=0.— The 
graph of a function f{x) is chiefly used, in algebra, as an aid to 
the solution of the equation f{x) =0. Prom the graph of 

just considered, it is evident that the values of x for which 
f{x)=0 are roughly —2.8, +0.2, +4.1; that is, these are the 
approximate roots of f{x) =0. 

If the absolute term of f(x) is decreased by a units^ the graph 
of the resulting function, 

f^{x) s^(4rc«-6x«-45a?+12-10a), 
may be got by moving the aocis upward a units. This process 
will change the roots, but can not change their number, since 
f(x) and fi{x) are of the same degree. 

If a =4, we clearly have two negative roots in the vicinity of 
the maximum point, as the new a;-axis A^Bi cuts across the curve 
just below that point; if a =5.5, the new a:-axis A^B^ passes 
above the maximum point, and only one real root exists, the left- 
hand roots having disappeared. If a=5.25, the axis will be 
tangent to the curve at the maximum point, and there the points 
indicating the two roots will merge into one. The graph indi- 
cates, in these three cases, two distinctj two imaginaay, and two 
equal roots, respectively, by its appearance in the vicinity of this 
maximum point. 

If, however, the y-axis (i. e., the origin) be shifted to the 
right or left, the magnitude of the roots will be diminished or 
increased, but the character of the roots, whether real or im- 
aginary, remains the same. If the origin be shifted one unit to 
the right, the values of x for the points where the curve crosses 
the a;-axis are changed by —1.0, from —2.8 to —3.8, from +0.2 
to —0.8, from +4.1 to +3.1. With the y-axis in this position, 
the curve is the graph of /(a:+l) s-j2y(4a:* + 6a:*— 45a:-35). 
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91. Multiple Soots. — When the axis of abscissas is tangent to 
the graph, L e., when f{x) and f(x) are zero for the same value 
of X, this value is a double root of /(a?) =0. 

In fact, if f(r)=:f(r)=0, r is at least a double root of 
f(x)=0;it may occur more than twice as a root 

It can be shown that if the common root r occurs Jc times as a 
root of f(x) =0, it is a root (fc+1) times of f(x) =0. 

We may thus determine the equal roots of an equation by 
finding all the factors common to the functions f(x) and f{x), 
which is most conveniently done by the process of finding the 
greatest common divisor. 

For example, find the equal roots of the equation 

/ (a;) = a:* - 6a;» + 12ar^ - lOx + 3. 
The derivative of f{x) is 

f(x) =4a:»-18a;2 + 24rr-10. 
Their G. C. D., by detached coefficients, is found below: 



1- 6 + 12-10+ 3 
2-12+24-20+ 6 

2- 9 + 12- 5 

3-12 + 15- 6 

6-24+30-12 
6-27+36-15 



2-9 + 12-5 
2-4+ 2 

5-10 + 6 
5-10 + 5 



3- 6+ 3 

1- 2+ 1=G.C.D. 



Hence, 



f(a:)s(a;-l)*(4a;-10), 
f(x)^(x-iy{ x^ 3), 

and the equal roots of f(x) =0 are 1, 1, 1. 
8 
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Examples. 

1. f(x) =«:•— 6a:*+3iF+9 ; determine the TnaTinrnTn: and mini- 
mum points^ and equal roots^ if any. 

2. Construct the graph for a^ — 2a^— 5a?+6=0, first finding 
the points of maximum and minimum values. 

3. Show that the equation a?*— 10a;»+36»»— 54a:+27=0 has 
equal roots^ and find them. 

4. Find the minimum point of the quadratic polynomial 
(a;*+2a;— 4) and draw the graph. 

5. Construct the graphs for the following, and estimate the 
roots of each equation to the nearest tenth (draw only one 
curve) : 

3a;» + 6a^-5iF+ 7=0, 3a;» + 6a^-5a;+ 1=0, 

3a:» + 6a:*-5x- 6 = 0, 3aj» + 6a;«-5a;-ll=0, 

3a;»-f6a:«-5x-12 = 0, 3a:» + 6a:*-5a;-17=0. 

6. What constant term would give equal roots to the equation 

7. If f{x) sax^ + hx-\'C, find the minimum value of f(x), a 
heing positive, and the conditions that this minimum shall he 
negative, zero, or positive. 

8. Construct the graph for a?+2a^+3aj— 4=0 and locate the 
roots approximately. 

9. Find the maximum aJid minimum values of af+px+q. 
What is the condition that two of the roots ot a^+px+q=0 be 
equal? 

10. How may the two graphs of a^ and ( — pa?— g) be used to 
show the roots of «■= —px—q? Apply to Example 8. 
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Horner's Solution op Equations. 

92. Somer's Method. — Suppose that we wish to find a root 
of the equation 

f{x) s2a^-15iC*+24a:+6=0. 




Fio. 7. 



Any constant multiple of f{x) is zero whenever f(x)=:0, and 
only then; so we first draw the graph of Jc'f(x), giving Jc any 
convenient value. In the figure, Jc=^. Prom the graph, it 
appears that there is a root of f{x) =0 between —1 and 0, one 
between 2 and 3, and one between 4 and 5. We will compute 
the root between 2 and 3. 

We first deduce the equation with roots each 2 less than those 
of /(ic)=0; its graph will be the curve already drawn if the 
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axis of ordinates is moxed 2 units to the right from to 0'; 
the new equation has a root between and 1, corresponding to 
the root of f{x) between 2 and 3. If this root is 8, we have, 
substituting it in the new equation, 

/i(jj) s2s»-35*-12« + 10=0. 

Now as ^ is less than 1, its square and 

2) 2 — 15 +24+ 6 cube are much smaller, and we shall 

4—22 + 4 come pretty near to finding its true 

— 11 + 2 ' + 10 val^6 ^J neglecting the first terms and 

^ —14^ solving — 12s+10=0, whence ^=.8, 

about. Trying .8, we find that /i(.8) 

— 7;— lid is ne^a^tve, showing, by the graph, that 
Z, .8 is greater than the root of /i(s). 



2;— 3 because the corresponding point of the 

graph is below the rc-axis. It is our 
object to take as large a value as we can, and still keep to the 
left of the root. /i(.7) is positive, hence the root of /i (5) =0 is 
between .7 and .8, and the corresponding root of f(x)=0 is 
between 2.7 and 2.8. 

We next derive the equation having a root .7 less than the 
root of /i(s)=0, or 2.7 less than the root of f{x)=0, and so 
proceed progressively, getting finally as close an approximation 
to the actual root as we desire. We shall no longer need to try 
two values at each step, as with the decrease of the value substi- 
tuted, the neglect of the terms of higher degree will cease to 
afltect the single figure that we desire to obtain. 

We shall use the principle of contraction, retaining only as 
many decimal places in the last column as we desire in the root, 
and using only as many in the earlier columns as are needed to 
determine those in the last. The coeflBcients of the successive 
reduced equations may be marked, in order to keep track of the 
work. 



\ 



Horner's Solution of Equations. 
The work for seven figures (six decimal places) follows: 
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1 -7.5 
+2 



(2)4-0.66 
6 



0.72 
6 



y 



(3) 



0.781 
.782 



(4) .783 



2.761921 + 



+ 12 
-11 



+ 3 
2 



-<i) +5.000 
-4.592 





V 



(2/- 6.6300 

+ .0396 

- 6.5904 
+ 432 

(8)- 6.5472 

+ 8 

- 6.5464 
+ 08 

(4)- 6.5456 

+ 7 



+ 0.408000 

- .395424 

(3)' + 0.012576 

- 6546 

(4) +0.006030 

- 5890 

+ 0.000140 
131 

+ 0.000009 

- 7 

+0.000002 



- 6.545 



One root of /(a?) =0 is therefore 2.761921, correct to six places 
of decimals. 



\ 
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93. In getting the root between 4 and 5^ the absolute term in 
the first reduced equation will be negative^ and each succeeding 
reduced equation must also have its absolute term negative. The 
work follows: 



1 


-7.5 




+4 




-3.6 




+4 




+0.5 




4 


(1) 


4.5 




.9 




6.4 




.9 




6.3 




.9 


(2) 


7.26 




5 




7.30 




5 


(3) 


7.357 




7.364 



- 2 
+ 2 


(1) 


0.00 
4.86 


4.86 
5.67 


(2) 


10.5300 
.3625 


10.8925 
.3650 


(3) 


11.2575 
515 


11.3090 
515 


(4) 


11.3605 
7 



4.951^ 



1947 



'+12 +3 

-14 -8 



(1) -5.000 
+4.374 



(2) -0.626000 
+ 0.544625 

(3) -0.081375 
+ 79163 

(4) -0.002212 
+ 1136 

-0.001076 
+ 1023 

-0.000053 
■f 45 

-0.000008 



(4) 7.371 11.3612 



Hornbb's Solution op Equations. 

If the attempt is made to try too large a figure at any stage, 
the error will appear through the last coefficient's coming out 
of the wrong sign, except in very bothersome equations with 
roots so near together that it is easy to skip from the vicinity 
of one to the vicinity of another. When the trial division for a 
new figure of the root gives more than 9 in the decimal place 
for that figure, the indication is that too small a figure was used 
in the preceding step. A doubtful case can be definitely settled 
by trying a figure one unit smaller than the proposed figure and 
another one unit larger, as was done at the start of the preceding 
example. 

The method described above is known as Homer^s Method for 
the approximation of numerical roots of algebraic equations. 

94. Negative Boots. — ^If we wish to find one of the negative 
roots of an equation, we may carry on the process of successive 
synthetic divisions as with a positive root, taking care to guard 
against error in the signs of operations with negative quantities. 

It is usually more convenient to change the equation into one 
whose roots are each the negative of the corresponding roots of 
the given equation. This is done by ckangmg the sign of odd 
or even powers of the variable. (Art. 64a.) 

The roots of 

2y« + 15y*+34y-6=0 

are equal to those of the equation 

2a:»-15a;* + 24a:+6 = 

with the signs changed ; for every value of a; in the given equa- 
tion, we shall have a corresponding value y= — a; in the trans- 
formed equation. 
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95. Extraction of Boots of Nnmben. — ^Ta find the n.th root 
of any number a, we may solve by Homer's method the equa- 
tion a^— a=0. 

The process, for example, of finding the cube root of 10, is 
to solve the equation a:* — 10=0. 
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(1) 12.00 
.61 


1.261 


6.1 


— 


0.739000 
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.677375 
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.061625/ 


6.35 


(2) 13.2300 


55573 


6.40 


.3175 
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.006052 


(3) 6.45 


13.5475 


5569 


6.454 


.3200 
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.000483 


6.458 


(3) 13.8675^ 


418 


(4) 6.4624 


258 
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.000065 




13.8933 . 


56 




258 
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.000009 




(4) 13.9191 
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13.924 



CHAPTEE VII. 

Loci of Equations. 

96. Implicit Fnnctions. — If an equation in two variables^ x 
and y, is solved so as to give an expression for y in terms of x, 
y is thereby expressed as a function of x. y is said to be given 
implicitly as a function of x by the original equation, and after 
the solution, y is said to be expressed explicitly as a function of 

X. 

For iastance, the equation 

2a;+3y-7=0 

gives y as an implicit function of x; after solution, 

gives y as an explicit function of x. 
Again, 

ic«+ya=25 

expresses y as an implicit function of x; 

y=±V25-a:* 
expresses y as an explicit function of x. 

97. Oraph of an Implicit Fnnction; Locus of an Equation; 
Equation of a Curve. — Suppose we have the equation 

2a;+3y-7=0, 

and solve it, getting y= "1 ^ y and construct the graph of 

3 

^""^^ , the straight line AB, indefinite in extent, shown in 
3 

Pig. 8 (Arts. 80 and 83). 
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From the construction of the graph, if x is the abscissa and y 



the ordinate of any point P of AB, then y= 



_ 7~2a? . 



; but if x and 



y are abscissa and ordinate of any point Q, not on AB, y is either 



greater or less than 



7-2a; 



Then it is true of every point on 



the line AB that its abscissa x and its ordinate y satisfy the 



relation y. 



7-'2x 



or the relation 2a?+3y— 7=0; moreover, this 



is tme of no point that is not on AB. 




AB is consequently called the locus of the equation 

2a;+3y-7=0; 

*this is a brief way of calling it the locus of points whose co- 
ordinates satisfy the relation 2a:+3y— 7 = 0. 

2x+3y—7=0 is called the eqtudion of the straight Ivne AB. 

A point with the abscissa x and the ordinate y is generally 
spoken of as the point having the coordinates x and y, or as 
the point {x, y) ; the abscissa is always mentioned first. 



Looi OF Equations. 107 

98. Belations between a Curve and its Equation. — ^The cx)n- 
aiderations of the preceding article are perfectly general, and 
may be applied to any case as follows : 

If f{x, y) =0 when solved gives y=F{x)^ and the graph of 
F{x) is a certain curve: 

The curve is the locus of f{x,y) =0; 

f{x,y) =0 is the equation of the curve; 

The coordinates of any point of the curve saJtisfy f(x,y) =0, 
and the coordinates of any other point do not; in other 
words. 

Any point whose coordinates satisfy f(x,y)=:0 lies on the 
curve, and any point whose coordinates do not satisfy 
f(x,y)=0 does not lie on the curve. 

The relation between a curve and its equation may also be 
interpreted as follows: A point {x,y) will move all over the 
plane as x and y are varied; but if the restriction be put on x 
and y that f{Xj y) =0, the point can move only along the curve. 
And again, as a point (x, y) moves about in the plane, the value 
of f(x, y) will change, and will be positive when the point is on 
one side of the curve, negative when it is on the other side, and 
zero when it is on the curve. 

It is common practice, instead of saying ''the curve whose 
equation is f(x, y) =0," to say " the curve f{x, y) =0." 

99. The linear Equation and the Straight line. — ^The most 
general equation of the first degree in two variables is 

Ax+By-hC=0, 

where A, B^ C are constants. On solution, it becomes 

which is in the form 

y=mx+l, 

and so represents a straight line having the direction-ratio or 
slope m= — p- , and cutting the y-axis at the point fO, — -h*) • 
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There are three special eases : 

When C=0; then Ax+Bif=0 is satisfied by the coordinate* 
of the origin, which is therefore a point of the line. 

When 4 = 0; then y= — ^ ; and any point of the line must 

C 

be at the distance ^ from the a:-axis, or the line is a 

parallel to the x-axis and distant — -^ units from it. Here 

wi= — d"=^^> ^^® angle between the line and the ar-axis is 
zero, and tan = 0. 

When 5=0; then Ax+C=0 gives x=- ^, representing a 

C 

line parallel to the y-axis, distant j- units from it 

Here m= — ^ = oo; the angle between the line and the 

a:-axis is 90°, and tan90°=oo. 
a:=0 ; this places no restriction on y, but requires a; to be zero ; 

it is therefore the equation of the y-axis. 
y=0 is similarly the equation of the a:-axis. 

100. Tracing a Straight line. — A straight line is determined 
if two of its points are given, or if one point and its direction 
are given; there are thus two simple ways of tracing straight 
lines. For instance, to trace the locus of 3a:—5y+6 = 0. When 
y=0, ir=— 2; the point (—2, 0) is on the line. When a;=0, 
y=1.2; the point (0, 1.2) is on the line. Plotting these inter- 
sections of the line with the axes, and drawing a straight line 
through them, we have the required locus. (See Fig. 9a.) 

Again, we may solve, getting y=ia:+-|-. Mark a point on the 
y-axis -f units above the origin; thence draw a line of any 
length parallel to the ir-axis, and at its extremity erect a per- 
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pendicular f as long; the hypothenuse completing the right 
triangle will, if produced, be the required locus. (See Fig. 9b.) 





Fig. 9a. 



Fig. 9b. 



The distances from the origin to the points where a straight 
line cuts the ar-axis and the y-axis are called the x-intercept and 
the y-iniercept of the line; in the example, they axe —2 and 
■f respectively. 

Instead of using the two intercepts or the y-intercept and the 
slope, we can find a point of a line by giving to a? or y in the 
equation any value, and computing the value of the other co- 
ordinate, thus finding the coordinates of a point of the line. 
Then the direction-ratio (slope) may be used as before, or a 
second point found. 



Trace the following: 

1. y=3ir+2. 

2. y=-2a;-3. 

3. 2ir+y-7 = 0. 

4. 3ir-5y+9=0. 
6. a:-4=0. 

6. y+2 = 0. 

7. ir=0. 

8. y=0. 



Eicamples. 



9. 10a;+y=50. 

10. a:-15y-f 90=0. 

11. x=i/. 

12. yrr—a:. 

13. a;=2y. 

14. 4y— ir=0. 

15. 3ar-f 5y=0. 

16. y=—ix. 
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101. Finding the Equation of a Straight Iiine« — ^In general 
f ormnlsB; the coordinates of a given point are represented by 
(^19 t/i) 0^ (^2> 1/2)9 6tc.^ the subscripts indicating that the values 
are known constants. 




Fig. 10. 



To find the equation of a straight line passing through a given 
point (a?i, yi) and having a given slope m. Let P^ i^ifVi) 
be the given point, and P (x, y) be any other point of the line 
(Fig. 10). Complete the figure as shown; then, by hypothesia 
(Art 80), 

which is the desired equation. 

The equation of the straight line through the point (a^i, y^) 
cmd having the slope m is y— yi=nt(a;— Xi). 

If the given point is (0, b), so that the line is given by its 
y-intercept and its slope, we have the familiar equation 

y—'b = m(x—0) or y=mx+i, 

where i is the y-intercept. 

If the given point is the origin (0, 0), the equation is y^mx. 

If w= 00, we have ?II^ = — =0, x^x^y which represents 

y-yi m, 

a straight line parallel to the y-axis, through x^x^. 
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The eqv/ition of the straight line through the points (x^, yi) 
0^ (^2> 1/2) is 

for, as is evident from Fig. 11, ^^""^^ is m, the slope. 

y 



X2''^X^ 




Fio. 11. 



If the a;-intercept is given =a^ the y-iiitercept=6, the slope is 

seen by Pig. 12 to be (the negative sign indicating a slope 

d 

downward from left to right. See Arts. 83 and 99). Hence the 
equation is 



or, dividing by h and 
transposing, 




a ^ b 



+ -^-=1 



Fig. 12. 



is the eqtudion of a 
straight line in terms 
of its intercepts. 
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Examples. 

Find or write the equations of the following straight lines : 

1. Through (2, -3) with slope -J. Ans. a?+2y+4=0. 

2. Through (-1,2) with slope 3. Arts. 3ar-y+5=0. 

3. Through (1, 3) with slope 0, and again, with slope oo. 

Arts. y=3 and ir=L 

4. Through (-1, -1) and (3,2). Ans. 3a;-4y-l=0. 
6. Through (1,0) and (3,1). Ans. ir-2y-l = 0. 

6. Through (-1,2) and (2,-1). Ans. a:+y-l = 0. 

7. a;-intercept — 4> y-intereept i. Ans. 9a:— 12y+4=0. 

8. ic-intercept 2, y-intercept —3. Ans. 3a?— 2y— 6=0. 

102. Parallels and Perpendiculars. — ^It is evident that two 
parallel straight lines have the same directionrraiio or slope, and 
that conversely two equations y=mx+bx and y=fikr+6a repre- 
sent parallel lines. 




Fig. 13. 



Suppose we have any two perpendicular lines, as shown in 
Fig. 13. Let P be their intersection, and draw the right tri- 
angles as shown. The triangles are similar, since their sides are 
respectively perpendicular, so that 

NR PM 
NP" MQ* 
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If the slope of PQ is m^, and that of PR is m^, 

^" NP "^ MQ"" m,' 
The steps of this proof can be retraced; so that: 

Two perpendictdao' straight lines have direction-rcdios or 
slopes that are negative reciprocals of each other; and conversely, 

two equations y=mx+\ and y= J- 62 represent perper^ 

tn 

dictdar lines. 

Briefly, y=zm^x+h^ and y^m^+hi are parallel if m^^tn^y 

perpendicular if m2= . 

^ nil 

103. Equation of a Line through a Oiven Point and Parallel 
or Perpendicular to a Oiven Line. — ^To find the equation of a 
straight line through (2,-3) and parallel or perpendicular to 
3ar— 7y+2=0 we proceed as follows: 

The equation of the given line may be written 

hence the slope is f . The slope of any parallel line is f , of any 
perpendicular line, — f . 

For the parallel through (2, —3) we have (Art. 101) 
y+3 = f(a;-2) or 3a;-7y-27=0. 

For the perpendicular through (2, —3) we have 
y+3=:-|(a:-2) or 7ir+3y-5 = 0. 

The method is evidently general. 

9 
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Examples. 
Find the equations of the following lines: 

1. A parallel to 3y-2ir+4=0 through (—2,3). 

Ans. 3y— 2x=13. 

2. A parallel to 3y+6ir— 1 = through (3,0). 

3. A parallel to 4y+x— 7=0 through (0, 0). 

4. A perpendicular to 7a:+3y+6 = through (3, —4). 

Ans, 3x—7y=S7. 

5. A perpendicular to 5a;— y+l=0 through (0, —2). 

6. A perpendicular to 2a;-f 3y— 11 = through (0,0). 

7. Prove that the parallel and the perpendicular to 

ax+iy+c=0 

through (x^yffi) are ax+iy=axj^+iyj^ and hx'-ay=hxi—ay^, 
respectively. 

104. The Mid-Point. — ^The point half-way between (xj^,yj) 
and {x2,y2) is 

(a^i+a?a) yi+Vi] 

~^ ' ~2~r 

This appears from the similar triangles in Pig. 14, since the 
coordinates of the mid-point are 



( 



a;, + ^-5^1 and y^+ 



2 




Fio. 14. 
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Coordinates can be computed in this way for a point dividing 
the distance between two given points in any given ratio. 

105. The Distance between Two Points. — As the legs of the 
right triangle in Fig. 14 are (a;2""^i) ^^^ (^2—^1)^ ^6 distance 
between (iCi,yi) and (2:2,^2) ^ 

106. The Distance from a Point to a line. — To find the dis- 
tance from any point P(iCi, yi) to any straight line y=ma?+6. 
In Fig. 15, let BM be the given line and P the given pointy and 
PM=d the required distance. 
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^=m, and BN=x^; 
BN 

RN=OB=h, RP=y^; 

QB-\'xJT{mxJ'^=x^VT+fn?. 

The A PMQ is similar to the A BNQ; hence 

PM=d _ BN=x^ 1 

QP-y^-mx^-l QB=x^VT+ni^ "" VT+w?' 

Then 

When the point (a?!, yi) is on one side of BM, y^ — mx^—l) is 
negative; when {x^y^) is on the other side, y^ — mx^—}) is 
positive; when {x-^^y^) is on BM, y^—mx^ — i is zero. Only the 
numerical value of d is important. 

The distance from {x^^y^) to 4a;+By+(7=0, or to 

is 



V 



1+ 



For InBtance, required the distance from (4, —3) to 

2y-5aj=8; 
rewrite the equation 5x— 2y+8=0; then 



,_ 5x4-2(-3) + 8 



34 



.V4+25 ~ V29* 
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Examples. 

1. Find the equation of the mid-perpendicular to the line 
joining (—1, 3) and (3, —5). 

2. Find the following distances: From ( — 3,7) to (0,3); 
from (—2,-5) to (3,7). Arts. 5 and 13. 

3. The vertices of a triangle being 4( — 2, 0), J5(2, 0), and 
(7(1, 5), find the middle point of each side, and the lengths of the 
lines joining the mid-points. Check by showing them to be 
one-half as long as the sides. 

4. Find the equations of AC and BC in Example 3 and the 
lengths of the altitudes of the triangle perpendicular to them. 

6. Find the distance of ( — 2,1) from 3a;— 4y=5. Ans. 3. 

6. Find the distance of (1> — 3) from 12y=5ir-hll. 

107. Intersections of lines; Simultaneoiu Solutions.— Sup- 
pose we have given the equations of two lines : 

AB: 3x-y + 2-0, 
CD: ir+2y-6 = 0, 

and wish to find the coordinates of their common point, P. (See 
Fig. 16.) 




Fig. 16. 
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The coordinates of P satisfy the equation of AB, because P 
is on AB; and they satisfy the equation of CD, because P is on 
CD. As they thus satisfy both equations, they can be obtained 
by solving the two equations simultaneously. Solving, we get 
a;=|, y=^9 so that P is the point (f, 2f ). 

This figure may evidently be used to represent graphically the 
common solution of the two simultaneous equations. 

In general : 

The coordinates of any common point of two curves may be 
fottnd by the simultaneous solution of the equations of the 
curves, and: 

Any pair of values of x and y satisfying two simAdtaneous 
equations in x and y are the x and y coordinates of a point com- 
mon to the graphs of the equations, 

108. A epecial case is encountered if we attempt to solve two 
such equations as 

2ir-3y=7, 
2a:-3y=8; 

for any attempt at elimination of one variable, leads to the 
elimination of both, with an absurd result, 1=0. We have seen 
that such a result indicates that the root to be expected has dis- 
appeared through becoming infinite. This is consistent, as the 
two lines are parallel, and form the limiting case of lines meet- 
ing at an increasingly great distance from the origin. For in- 
stance, 

2a;- 3.01y=7 and 2x-3y = S meet at (154, 100), 
2a;-3.0001y=7 and 2x-3y=S meet at (15004, 10000), 

and so on. 

This relation is expressed by saying that parallel lines meet at 

infinity. 
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This appears also in another way. If (a?i, yi) is any point on 
the line y=mx+h, the ratio of the coordinates ^ is 

and as x^ (and therefore y^ also) increases indefinitely. 



^1 JaJi-Vi=«> 



= W+ 



-^1 =«, 

^1 JaJissoo 



the ratio of y to a; at 00 thus heing independent of h. 

Examples. 

Show graphically and estimate the simultaneous solutions of 
the following pairs of equations: 

1. 3y— 2a:=5 and 6y— ir=3. 

2. 5y+12a;=8 and 4y-10a:=7. 

3. 6y— 12a?=4 and 3y— 7ir=6. (Use a small scale.) 

109. Finding Oeometric Loci by Algebraic Processes. — ^To 

find the locus of points equidistant from two given points, A 
and B. Call the distance AB=2a; take AB as ^-axis and the 
mid-perpendicular to AB as y-axis. Then (see Fig. 17) the 
coordinates of A are ( — a, 0) ; of B, {a, 0). Let the coordinates 




^ >y 
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of any point P of the desired locus be {x, y). Then, by hypoth- 
esis, the distance PA = the distance PB, or 

whence, squaring, collecting terms and simplifying, 

4aa;=0; 
a:=0. 

We find that the coordinates {x, y) of P are subject to the 
restriction a:=0; this is the equation of the desired locus. The 
locus is thus seen to be the y-axis, or the mid-perpendicular to 
AB. 

This problem is typical, and the steps taken in solving it 
should be carefully noted : 

To find the locus of a point whose motion is restricted by a 
given condition: 

(1) Choose two convenient perpendicular lines as axes. 

(2) Locate every given point by coordinates, to be treated as 
known constants. 

(3) Represent the variable coordinates of any point of the 
locus by {x,y). 

(4) Put the given condition in the form of an equation in- 
volving x and y. 

(5) Simplify this equation, which is the equation of the 
required locus. 

(6) Identify the locus from its equation. 

110. The Equation of the Circle. — ^To find the equation of a 
circle with given radius a. First, let the center of the circle be 
at the origin (Fig. 18), and let P{x,y) be any point of the 
circle. 

The distance OP=Vx^+y^ is equal to a, by the definition of 
the circle. 
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is therefore the equation of a circle with the radius a having its 
center at the origin. 

Again, let the center of the circle be at the given point {b,c), 
and let P{x, y) be any point of the circle. 



X* 




P(«.y) 



y 

Fig. 18. 
The distance from {x, y) to {l),c) is a; hence 



V(a:-6)2+(y-c)2=a or. {x--iy^{y^cy=a^ 

is the equation of a circle with the radius a and the center {b,c). 
This equation, when simplified, is 

x^+y^''2hx-2cy'-a^+b^+c^ = 0; 

it has the peculiarities that it is of the second degree, but has no 
xy term, and that the coeflScients of a^ and y^ are equal. 

Any equation having these peculiarities is the equation of a 
circle, and its locus is easily identified. For instance, 

2a;* + 2y* - 6ir+ lOy + 9 = 0, 

by adding to both sides enough to complete the two squares, may 
be written in the typical form as 

(x-f)*+(y+|)»=4; 

hence the equation represents a circle with the radius 2 and the 
center (|, — |-). 
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Eouimples, 

1. Find tlie loctiB of points eqnallj distant from the axes of 
coordinates. 

2. Find the locus of points equally distant from 2ir— 3y + 5 = 
and 3a;-2y+6 = 0. 

Ans. ± (2a;-3y+5) = ± (3ir-2y+6) ; a?+y+l=0 

or5a;— 5y+ll=0. 

3. Find the locus of points five units from ( — 2^ 1). 

4. Find the locus o] points equidistant from (—3,1) and 
(3, 3) by the proco^> -' .Vrt. 109, and check by finding the 
equation of the mid-perfSenjicular to the line joining the given 
points. 

5. The base of a tr^iji^ is the part of the a^axis from ( — 3, 0) 
to (2,0), and the ij^ctr+r of its vertical angle passes through 
the origin. Find t}J^ equation of the locus of the vertex, and 
identify it. (Use th* theorem about the segments into which 
the base of a trian^^ * ^^ divided by the bisector of the vertical 
angle.) 

6. Locate the centt^anvi give the radius of 

a:«+y*-12ar+l;>f :f3 = 0; a:*+y*+8a;-2y-8=0. 

7. Find the equatioi; of a circle having the center (1, —1) 
and passing through '{C. :^). 

111. Simultaneous £quatio^8. — ^We can now represent graph- 
ically the simultaneous solution of any linear equation and a 
quadratic equation of the type 

aa^+ag^ + dx+ey+f=0, 

or of two such quadratics. 

These solutions correspond, as we have seen, to the coordi- 
nates of the intersection of the loci of the two equations. The 
real roots can be approximated by measuring the coordinates of 
the intersections, and the figure will show the nature of the roots. 
Two pairs of roots are to be expected ; if the loci do not intersect, 
these roots are imaginary, and if the loci are tangent, so that 
two intersections have merged, the two pairs of roots will be 
alike. 
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The quadratic termfi can be eliminated from any pair of equa- 
tions of the type 

and if we solve the resulting linear equation with either of the 
given quadratic equations^ we shall get the simultaneous solu- 
tions of the two quadratics. 

For instance^ given 

a^+f+12x+Sy+35 = (1) 

and 

a:«+y»-8rr-4y-65=0. (2) 

Subtracting, we have 

20rr+12y+ 100 = 0, 
or - 

5a;+3y+25=0. (3) 




Fio. 19. 
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(1) and (2) represent circles and (3) represents a straight 
line. Any point satisfying both (1) and (2) must also satisfy 
(3) ; but any point satisfying either (1) or (2) and not the 
other cannot satisfy (3). Hence the locus of (3) meets the loci 
of (1) and (2) at their common points, but not anywhere else, 
and so is the common chord of the two circles. (See Fig. 19.) 

112. The principle brought out here is general, and may be 
stated : 

h and I being constant, Jcf(x,y)'-l<l>(x,y)=0 represents a 
curve passing through all the common points of f{x, y)=0 and 
<f>(x, y) = 0, and not meeting either at any other point ; for a point 
common to both makes f(x,y) and <\>{x,y) both zero, and a point 
that is on one and not on the other, makes either f{x,y) 0T<f>{x,y) 
zero, but not both. 

A related principle is : 

f{x, y) X4>{x, y) =0 represents the two curves, f(x, y) =0 and 
<f>(x, y) =0, together; for any point of either curve makes f(x, y) 
OT<f>(x, y) equal to zero and so makes the product zero. 

Thus (2a?-3y+l)(3ar+y-2)s6a:2-7a;y-32^-a?+7y-2 = 
represents two straight lines; xy=:0 represents the coordinate 
axes; a:*— y'=0 represents the bisectors of the angles between 
the axes. 

Ea^mples. 

Illustrate by graphs the solution of the following simultaneous 
equations (check by solving and plotting the solutions) : 

1.. a;^+y^ + 6rr— 6y— 47=0 with each of the following in 
turn (draw one circle cut by the various lines) : 

(a) y-ar+5 = 0, (b) y-ar+l = 0, (c) y+a?=0, 
(d) 3y-8a:+28=0, (e) 5a;-y=21, (f) 8ic+y=44. 

2. a:*+y2-10a;-8y-24=0 with y+x=0. 

3. ir^ + y2-10rr-8y-24=0 with f-x^-O. 

4. a;Hy* + 6a:-6y-47 = with a;2 + y2- 6a:- 11=0. 
a;*+y*+6ar-6y-47 = with ar^+y2-10a:+2y+l = 0. 
a;*+y* + 6a;-6y-47 = with ir^ + y=* - 14a; +4y+ 13 = 0. 

6. a:*+y*-2a:-4'y=0 with xl^+y^-14^+2y'-d0=0. 
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113. Derivatives of /® and 17. — ^When the derivatives of more 
than one function are used at the same time, we are obliged to 
add to our notation. As we saw in the discussion of Art. 84, 
the derivative with respect to a; of a given function of x is the 
slope of the tangent to the graph of the function, and is deter- 
mined by finding the limit of the slope of a secant line as it 
swings into coincidence with the tangent. If the function 




treated is represented by y, the increase given to x (PM, Pig. 
20) is represented by dx, a compound symbol meaning '' differ- 
ential of x"; the length MT, the height of the tangent line 
above the point M, is represented by dy, meaning " differential 
of y!* Thus the derivative of y with respect to x, defined as the 

value of p^ , is represented by the symbol -^ , which is ordi- 
narily read either '' dy over dx " or '' tlie derivative of y with 
respect to x!* In other words, when f{x) is represented by y^, 

f (x) is represented by -^. 
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If y is a function of x, y^ and xy are also functions of x; 
their derivatives are represented by ^J^^' and .f ■ We shall 
see that each of these derivatives bears a useful relation to the 

derivative -^. 
ax 

Suppose X is increased (see Pig. 20) to the value {x-^-K) ; as y 
is a function of x, its value must change correspondingly. Call its 
new value (y+Jk); then y^ also changes to the value (y+A;)*. 
There are thus three corresponding increases : 

The increase in x is A. 
The increase in y is Tc. 
The increase in y^ is (y + A:)*— y^ = 2yA;+fc*. 

By definition: 

The derivative of y with respect to a: is 






The derivative of y* with respect to x is 

dx \^ h JhM) 



Then 



since A;=0 when A=0. 

Hence, if y is a function of x, the derivative of y* with respect 
to X is 2y times the derivative of y with respect to x; or 

dx ^ 35* 
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In the same way, as x changes to (a;+A) and y to {y+Te)^ 
xy changes to {x+h) (y+A;), receiving the increase 

{x+h) {y+le) —xy^yh+xJc+hh. 

Again, by definition : 

The derivative of xy with respect to x is 

dx "" L h Jteo' 

Then 

Hence, if y is a function of x, the derivative of xy with respect 
to x is y plus X times the derivative of y; or 

dx ^ dx 

114. Derivative of an Implicit Fimction. — ^The equation 
rr^+y^rza* defines implicitly the function y= ±Va^'-x^; the 
graph of y, or the locus of a^+y*=a*, is a circle, as we know. 
Now although in the equation x^+y^=a*, x and y may vary, the 
quantity (a;*+y*) will be constantly a^ as long as x and y are 
coordinates of a point of the circle; hence the derivative of 
a^+y* must be zero if the point (x, y) is on the circle. Then 

for a point on the circle, and 

^ — — 
dx'~ y ' 

If (x, y) is a point on the circle, the slope of the circle at the 
point {x,y) is — — ; that is, if we put for x and y the coordi- 

if 
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X 



nates of some point on the circle, the resulting value of — - will 

be the slope at that point. 

A similar discussion to this given for the circle will show for 
any curve that: 

The general expression for the slope, ^, of any curve at anjf 

point of the curve, may he determined hy taking the derivatives 
of both sides of the equation of the curve and solving the result 

-p- will thus be given in terms of a; or y or both x and y, and 

it must be observed that the expression is useless until we have 
substituted in it the coordinates of some definite point of the 
curve, thus getting the slope of the curve, or of its tangent, at 
that point. 

115. Tangents to Circles. — ^Let it be required to find the tan- 
gent to the circle ir*+y*— 3a:+5y+6 = at the point (1, —4). 
This is possible by the method just described; for (1, —4) lies 
on the given circle, since putting its coordinates in the equation 
gives 

l + 16-3-20+6=0. 

Taking derivatives, 

2x+2yg-3+5|[=0. 

Solving, 

dy S-2x 
dx~2y+5' 

Putting x=l, y= — ^ 

3-2 



^1 = J 



8+5-"*- 
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We now know one point (1, -4) of the tangent, and its slope, 
— i, and can draw the tangent. We can also write its equation, 

y+4=-i(a;-l), or rc+3y+ll=0. 

116. Equation of Tangent to jr> + /> = a3 at Any Point 

(^i>/i)* — ^Let Pi(a?i,yi) be any point of the circle ir^+y*=a*, 
so that x^+y^—a^*^ then the slope of the tangent to the circle 

at Pi 18 — -^ , and the equation of the tangent is 

y-yi="^ (^-^i), or yiy-yi'=-rria;+V; 
this is, 

a?ia?+yiy=a;i^+yi*=a*, 

since x^-\-y^—a^ by hypothesis. 

The tangent to Q^-\-y^^a^ at any point {x^y^ of the curve 
is XiX+y^y=:aK 

Examplea. 

Find the equation of the tangent to each of the following 
circles at the given point; then trace the circle and the tangent 
independently. Check your result by the figure and by finding 
the intersection of the circle and the tangent. 

1. a:2+y»-4a:-2y-15=0 at (-2,3). 

2. a:2 + y2-2ar+6y+6=0 at (2, -1). 

3. a;Hy*+6a;-4y+4=0 at (-3,-1). 

4. a;HyH2a;-6y+l=0 at (2,3). 

5. Show by comparing the direction-ratio of the radius to a 
point (a?i, yi) of the circle a^-\-y^=a^ with that of the tangent 
at this point, that the lines are perpendicular. 

6. Show thajk the tangent to the graph y^aofi+ha^+cx+d 
at the point where the graph crosses the axis of y is tiie line 
y=:cx-\'d. What bearing has this on the determination of fig- 
ures of the root in Homer^s Method ? 

10 
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117. Tangent to Circle in Terms of its Slope. — Oiven that a 
line y=mx+& having a given direction is tangent to the circle 
a^-{-y^=:a^^m thus being determined^ what must be the value of 
If 

The distance of the line from the center (0^ 0) of the circle is 

and is equal to a if the line is a tangent. Hence 

6=±aVlTm*. 
Consequently, for any value of m, 

y=zmx±aVT+fn? 

is tangent to a;*+y*=a*. 

The double sign corresponds to the two tangents possible with 
a given slope. 

In the same way, if y=ma:+h is tangent to any circle 

(a:— c)*+(y— (f)*=a*, the distance from the 
center (c, d) to the tangent is 

mc—d-i-'b 
Vl+m? ' 

whence 

6 = i— mc±aVl+«i*, 

and the tangent is 

y—d^mix—c) ±ay/T+n?. 

118. The Tangent to the Circle from an Outside Point. — ^Let 
it be required to find the tangents toa:*+y* + 4a;— 8y— 6 = from 
the point (2, —1). 

The circle is (x+2y+ (y-4)* = 25, so that any tangent to it 
having the slope m is 

y-4=m(a;+2) ±5Vl + m*. 
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The point (2, —1) lies on the required tangent^ so that if this 
is to be its equation we must have 

-l~4==m(2+2)±5VTfw? or -5-4m= ±5Vl + m\ 

Squaring and collecting terms, 

9m2~40w=0; 

so that for the required tangent m=0 or^. The two tangents 
are thus 

y=-l 

and 

y+l=^(a;-2) or 40a;~9y-89=0. 

Examples. 

1. Find the tangents to x^+y^ + Sx-10y+l = having the 
slope —i; trace the circle and the tangents. 

2. Find the tangents to the circle of Example 1 from the 
point (3, — 4) ; trace the circle and the tangents. 

3. Find the tangents to a:* + y^ — 6rr - lOy — 18 = from 
( — 1, — 2) ; trace the circle and ihe tangents. 

4. Trace in one figure the lines represented by 

y~2=m(a;-l) ±2Vl+w' 

when m=-V, -h -|, -A» 0; A» h iy ^, respectively, and 
draw the circle that is tangent to all of them. 

119. Loci of Quadratic Equations. — ^The most general form 
of quadratic equation in two variables is 

aa^+lxy+cy^+dx+ey+f=0. (1) 

If some particular value x^^ is given to x, such an equation 
becomes a quadratic in one unknown quantity, y, which can be 
solved. This is equivalent to finding the intersection of the 
locus of (1) with the line x=x^; generally two points in this 
vertical line are found, but they may be imaginary, indicating 
that the line does not cut the locus, or coincident, indicating 
that the line is tangent to the locus. 
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Enough points to plot the locus might be found in this way, 
but the process would be very tedious. It is much simpler to 
solve Equation (1) f or y in terms of x once for all, and substi- 
tute various values of rr in the result. In this process, certain 
principles become evident which shorten the work. 

The procedure varies according as the factors of the terms of 
highest degree, ax^-{-hxy-\-cy^y are imaginary, real and equal, 
or real and diflferent; that is, according to whether 6^— 4ac is 
less than zero, equal to zero, or greater than zero. The loci in 
these three cases are given the names of ellipse, parabola, and 
hyperbola, respectively. 

120. The Ellipse. — Given the equation 

2x^-2xy+y^ + 2x-4y+l = 0, (1) 

for which 6*— 4ac= —4, to find its locus. 

First solve for y, thus expressing y as an explicit function of x: 



y=ir+2±V(3-a;)(a:+l). 
First trace the line (Fig. 21) 

y=x+2; 

Y 



(2) 



(3) 



'9,^J 




Tha. 21. 
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for any value we may give to x, we get one point on this line, 
and two points on the graph of (2), one V(3— x)(ir+l) verti- 
cally above the point on (3), the other V(3— a?) (ar+l) verti- 
cally below. The curve of (2) consequently has a vertical chord 
2V(3--a?)(a;+l) in length, bisected by y=ar+2. As this is 
true for every value of x, the line y=x-\-2 bisects every vertical 
chord of (2), and so is called a diameter of the ellipse. 

It is evident that we shall get real values of y from (2) only 
when X is less than 3 and greater than — 1 ; there is therefore 
no part of the curve to the right of the vertical line ir=3, or to 
the left of the vertical line a;= — 1. Moreover, when rr=3 or —1, 
the two values of y become coincident, and the length of the 
vertical chord becomes zero; i. e., a; =3 and x=—l are tangent 
to the curve. They axe called the vertical limiting tangents. 

The length of the vertical chord, 2V(3— a?) (a:+l), has its 
greatest value when the value of x is half-way between the limit- 
ing values, 3 and —1, or when x—1. The extremities of this 
maximum vertical chord have the coordinates 

x=l and y=H-2±V(3-l)(H-l)=3±2=5 or 1; 

that is, are the points (1, 6) and (1, 1), the length of the chord 
being 4. 

It can be shown that the vertical line a;=l is another diameter 
of the ellipse, bisecting all chords parallel to y=x+2; the two 
diameters are said to be conjugate. Their intersection is the 
center of the ellipse, the point (1, 3). 

It can be shown that parallels to y=a:-|-2 (the conjugate to 
the vertical diameter) drawn through the ends of the vertical 
diameter are tangent to the ellipse. 

We have thus located a parallelogram such that the ellipse is 
tangent to each of its sides at the middle point. This parallelo- 
gram determines the ellipse completely, and is sufficient for 
what is called tracing the ellipse ; i. e., sketching a smooth oval 
having the properties so far described. 
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121. Tracing an Ellipse. — ^The steps of the process may be 
summarized : 

Given any equation Aa?+Bxf/'\'Cy^+Dx+Ey+F=:0 having 
B^~44C<0: 

(1) Solve for y. 

(2) Trace the oblique diameter. 

(3) Draw the vertical limiting tangents. 

(4) Draw the vertical diameter, locate its extremities, de- 
tennine its length, and locate the center. 

(5) Draw parallels to the oblique diameter through the ex- 
tremities of the vertical diameter. 

(6) Sketch the ellipse, tangent to the parallelogram at the 
ends of the two conjugate diameters. 

It is possible to solve similarly for x in terms of y and get 
horizontal limiting tangents, the horizontal diameter and the 
diameter conjugate to it. 

122. Constmction of an Ellipse. — ^It can be proved that the 
following construction will give points of an ellipse. 




Fio. 22. 
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Given a parallelogram ABCD, Fig. 22, divided into fonr paral- 
lelograms by lines FQF, K'OK drawn through its center, 0, 
parallel to its sides. Divide the line FO into any number of 
equal parts, and number the points of division consecutively, be- 
ginning with F. Divide FG into the same^ number of equal 
parts and number the points of division, beginning at JP. 

Join K with any point of FO, and K' with the corresponding 
point of FO, the two lines intersecting at P; then P is a point 
of the ellipse tangent to the sides of the parallelogram at F', E, 
F and K\ 

Treating the other comers of the parallelogram in the same 
way, we can find any number of points of the ellipse. The four 
points shown in the figure are especially useful and very easily 
found. 

Examples. 

1. Trace 4y*-4ay+5ir*~8y+ 12a;- 28=0, solving for y. 

2. Trace 16y2+24a:y-f 25ic*-96y-136a?+64=0, solving for 
y and x both. 

3. For any point on the ellipse of Example 1, 

d^ _ 2y— 5a;~6 
(ia;~2(2y-a;-2)' 

What is the slope of the ellipse at its intersections with 2y'»lSx 
-6 = 0? With 2y-a;-2 = 0? What are these lines? What is 
their intersection? 

4. Find the locus of points ^ as far from the point (2, 2) 
as from the line a;+y=0, and trace it. 

5. In the ellipses of Examples 1 and 2, find the slope of the 
tangents at the ends of the vertical diameter, showing it to be 
the same as the slope of the diameter conjugate to the vertical. 

6. Given the ellipse 3a:^— a:y+y*+6a;+6y=0; find its inter- 
sections with the axes, and find and draw the tangent at each. 
Draw the line which will pass through the highest and lowest 
points of the ellipse, and tiie line which will pass through the 
extreme right and left points. Sketch the ellipse. 



136 



Praotioal Alqsbba. 



123. The Parabola. — Given the equation 

y»-2iry+ir*-4y+ir-2=0, (1) 

for which 6*— 4ac=0, to find its locus. Solving for y, we get 

y=ir+2±V3(a;+2). (2) 

As with the ellipse^ 

y-x+2 (3) 

is a diameter hisecting vertical chords. 

If X is less than — 2^ y is imaginary^ so that there are no points 
of the curve to the left of a;= — 2, which is the vertical limiting 
tangent. As x increases^ V3(a;+2), the length of the half- 
chord^ increases without limits remaining real^ so that the curve 
is open^ spreading indefinitely. 

If we put a;=l, we find 

y=l+2±V3(H-2)=3±3=6 or 0. 

The points (1>6) and (1>0) thus lie on the parabola. Any 
number of points may be located in this way, but we have enough 
to trace the curve, as in Fig. 23. 




:s:j^ 
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124. Tracing a Parabola. — ^The steps necessary in tracing a 
parabola may be summarized: 

Given an equation 

Ax^+Bx!/+Cy^+Dx+Ey+F=0, 

for which B*-42iC=0: 

(1) Solve for y in terms of x. 

(2) Trace the obliqne diameter. 

(3) Draw the vertical limiting tangent. 

(4) Compute y for some one value of x, and plot the corre- 
sponding points. 

(5) Sketch a parabola through these two points and tangent 
to the vertical limiting tangent where it crosses the oblique 
diameter. 

126. Diameters of the Parabola. — ^The equation of a parabola 
can always be solved in a variety of ways; for instance, besides 
solving the equation of Art. 123 for y, we can solve for x in 
terms of y, getting 

x=y-i±iV12y+9y 

showing that the parabola is intersected by the diameter y=rc+ J 
where this diameter is crossed by the horizontal limiting tangent 

Again, we can write immediately 



y-a:= ± V4y-a:+2, 

showing that the parabola is intersected by the diameter y=x 
where this diameter is crossed by the oblique limiting tangent 
4y-a;+2 = 0. 
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126. ConBtrnction of the Parabola. — ^It can be shown that 
any number of points may be located on a parabola as follows: 

Given a parallelogram KK'BC, Pig. 24, bisected by a line 
which passes through A, the middle point of KK\ and A'y the 
middle point of CB. Lay oflf any lengths along AA' and num- 
ber the points of division consecutively. Lay off the same 




Fio. 24. 

lengths, correspondingly numbered, along K'B and KC, Join 
C with any point of AA\ and A with the corresponding point of 
K'B; the two lines will meet at a point P of the parabola tan- 
gent to KK' at A, passing through B and C, and having AA' as 
the diameter that bisects chords parallel to KK\ 

Obviously lines from C and A give only half the parabola; 
lines from B to points of AA' and from A to corresponding 
points of KC give the other half. 

Examples. 

1. Trace a:^+2a:y+J^-ir-4y+3 = 0, finding also the slope 
where it crosses the y-axis. 

2. Trace ^x^ + ^xy+y^+^y-^x—h — O, finding the slopes 
^here it crosses the axes. 
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3. At any point of the parabola of Example 2, 

dy^ -2(2ar+y-2) . 
dx 2a;+y+2 ' 

write the condition that this direction shall be perpendicnlar to 
that of the diameters. What is the slope of the line represented 
by this equation ? At what point does this line cut the parabola ? 
What is the. line ? 

4. Find the locus of points equally distant from y+x—1 and 
the point (1, 1), and trace the curve. 

5. Given a point P(2, 3) and two straight lines (1) 2y=a; and 
(2) y^dx, find and trace the two loci (a) of points equidistant 
from P and (1) ; and (b) of points equidistant from P and (2). 
Thus locate the points equidistant from P, (1) and (2). 

127. The Hyperbola. — ^In the equation whose second-degree 
terms may be resolved into two unequal factors, there are pe- 
culiar properties of its locus which require special consideration. 
Suppose the simplest form of such an equation be taken^ 

iry=l, (1) 

where the linear factors of the second-degree term are x and y. 
Solving for y, and then for x, we obtain 

ir=-. (3) 

y 

Since x and y can be interchanged without changing the equa- 
tion, we infer that the curve is symmetrical to the line y=x (the 
dotted line in the figure) and the point (1, 1) is on the curve. 

Beginning with this point, arrange the corresponding values 
of X and y in series : 

x: 1, 2, 3, 4, ...., 100, , oo, 
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It is evident that as x increases indefinitely, y decreases indef- 
initely ; i. e., the curve approaches indefinitely near the a;-axis ; 
or in symbols, when a; is oo, y is 0, and the curve touches the 
fl;-axis at infinity. It may be shown in the same way that the 
curve is tangent to (touches) the axis of a; at — oo, and from 
equation (3), that the y-axis is also tangent at ± oo. 




The curve is called a hyperbola, and the two lines having the 
peoidiar propeHy of approaching indefinitely close to the curve 
as the cwrve becomes indefinitely distant from the origin are 
called asymptotes. 

If we find the intersections with the curve of any straight line 
through the origin, y=mx, we obtain the points 

that i8, every chord through the origin is bisected at the origin, 
which IS therefore the center of i'ho ^..^ j , , , - 

diameter. ^ ' ''"^"' ^^ "^^ « ''^'>^^ « « 
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128. Asymptotes of the Hyperbola. — ^The locus of any equa- 
tion 

aa^ + hxy+cy^ + dx+ey+f^O 

having &^ — 4ac>0 (that is, any hyperbola) has two asymptotes. 
For instance, suppose the equation is 

x^^xy-6f-'3x+y-4:-0, 

having 6^— 4ao=25. 

Factoring the terms of highest degrees (this we may do with 
any such equation), we have 

{x-'2y) {x+3y) -3a:+y-4=0. (1) 

If we solve (1) simultaneously with some linear equation to 
get the intersections of the hyperbola and the corresponding 
straight line, we shall ordinarily find, on eliminating x, an 
equation of the second degree in y, which will determine two 
points of intersection. If the y equation happens to be of the 
first degree, we shall understand that one of the points has gone 
to infinity ; and if y has dropped out of the equation altogether, 
it will mean that both intersections are at infinity; i. e., that the 
line is tangent to the hyperbola at infinity, or is an asymptote. 
(See Art. 46.) 

If in (1) we substitute X'-2y=c, we have 

c(x+3y) -3a;+y-4=0, 

an equation of the first degree ; it is evident, therefore, that the 
line x—2y=c cuts the hyperbola once at infinity, whatever con- 
stant value c may have. Let us now determine c so that it shall 
cut twice at infinity; i. e., so that elimination of x between 
x—2y=c and Equation (1) shall give an equation lacking both 
y* and y. 
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We are to determine c so that 

shall lack both y^ and y terms ; or so that 

shall lack the y term. 

Solving for c, then snbstitnting for x and dividing both numer- 
ator and denominator of the second member by y, we have 

c= L 



6+^ 

y 



In order that the line be tangent to the curve at infinity y must 
be infinite, which gives c=l. This value of c will cause y to 
vanish from the above equation, and hence 

a;-2y-l=0 

will be an asymptote. 

In the same way, we can show that the asymptote correspond- 
ing to the other factor is a?+ 3y = 2, as follows : 

a;+3y=c,= [^-^^,+-^1 =2. 

I X-2y Ja.=-8y+ci 

129. Asymptotes as the Form at Infinity. — A briefer explana- 
tion of the process of evaluating asymptotes is the following : 

If the equations of the two asymptotes be multiplied together — 
thus (a:— 2y— l)(a:+3y— 2)=() — and compared with the equa- 
tion of the curve, we have 

Asymptotes: (x—2y){x+Sy)Sx+y+2=0, 
Curve: {x'-2y) (x+Sy) -3a;+y-4=0, 

the two equations differing only in the constant term. 
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The asymptotes, the direction-ratio (m) of which ie given by 
the factors of the highest-degree terma, determine the form of 
the curve at infinity ; that is, when x and y become indefinitely 
great, the cnrve and the asymptotes coincide. But any hne 
parallel to an asymptote, of the form y^jnx+c, also meets the 
curve at infinity, since the ratio, -^ , ie the same at infinity for 
all such lines. 

This is shown by writing the line in the form 



L=m+ 



-1 



and evaluating the ratio — for infinite values of x and y. 

The particular line which has this direction-ratio, and at the 
same time coincides at infinity with the curve, will be derived 
by evaluating the equation of the curve for the given ratio at 
infinity. 



This is done by writing the equation of the c 



x+3y= V^ = i 

x-2y J^=^^=^ -J 

130. Tracing a Hyperbola. — In order to trace a hyperbola, it 

is suflBcient to have the asymptotes and one point of t*" 

More points will improve the accuracy of ihe tracing, 
necessary to observe the following, which can be shoi 
properties of the hyperbola : 

I. Any hyperbola is symmetrical with regard to the 
of the angle between its asymptotes ; and 



144 



Practical Algebra. 



II. The intersection of the aflymptotes is the center of the 
hyperbola, so that if P is a known point of one branch of the 
curve and A the intersection of the asymptotes, a point P' can be 
found on the other branch by producing the line PA tintil 
AP'^zPA. 

Ordinarily the most convenient points to find on the hyper- 
bola are its intersections with the axes of coordinates; if the 
hyperbola meets neither axis, or if its intersections with the 
axes are inconvenient, a point can always be found by intersect- 
ing the hyperbola with a parallel to one of its asymptotes. 

For instance, in 

ic*+a:y— 6y*— 3a;-|-y--4=0, 

let y=0; then 

a;* — 3a?— 4=0, a:=4 or —1; 
let x=0; then 

6y*--y+4=0, y is imaginary. 

After drawing the asymptotes and marking the computed 
points and the points obtained by carrying these across the 
center, we are ready to trace the curve as indicated in Fig. 26. 
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The tracing is also helped by finding the slope, -# , at two or 
three points of the curve, and drawing the tangents. Here 

dy __ --2a;~y+3 
dx a;-12y+l ' 

and is —1 at (4,0) and oo at ( — 1,0). 

Examples. 

Trace each of the following, finding its slope and drawing its 
tangent at each intersection with the axes : 

1. ar'-a:y-22^ + 4y+a;-6 = 0. 

2. 2x'-hxy+2f-lx+%y=0. 

3. 3ic*-7a:y+2y2-2a?+y-3 = 0. 

131. ConstnLGtion of the Hyperbola. — ^If the asymptotes of a 
hyperbola are given, and one point P of the cnrve, any number 
of points on the hyperbola may be constructed as follows: 

Draw any line through P meeting the asymptotes at K and L, 
and lay off on this line LQ=KP. Then Q is another point of 
the hyperbola. 




Fig. 27. 

Fig. 27 shows two cases, one by primed letters. If we are 
given more than one point of the curve, each point may be used, 
and the construction thus checked. 

11 
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132. Conjugate Hyperbolas. — The equation 

(aj«2y-l)(i;-h3y-2)=0 

represents two intersecting straight lines^ and 

(a:-2y-l) {x+3y-2) +c=0 

represents^ for any constant value of c, some hyperbola meeting 
these lines only at infinity; i. e.^ having them as asymptotes. If 
c is positive^ the hyperbola will lie in one pair of vertical angles 
formed by the asymptotes^ and if c is negative^ it will lie in the 
other pair. 

The two hyperbolas determined by 

(a:-2y-l) (a;+3y-2) +a=0 

and 

(a:-2y-l) (a:+3y-2) -fl=0 

are said to be conjugate to each other. For instance, the hyper- 
bola we have been discussing was 

ic*-|-a:y— 6y*— 3ir+y— 4=0, 

its asymptotes 

x'+xy'-6f'-3x+y+2=0, 

so that the value of c for the original hjrperbola was — 6. For 
its conjugate, it is +6; the conjugate is therefore 

a;* + ay- 6y* - 3iF+ y + 8 = 0. 

Examples. 

1. Trace 2y*+rry— 6a;*— lOy— 27ar— 24 = and its conjugate. 

2. Trace y*+a:y — 2a;*— y+7a;=0 and its conjugate. 

3. Find the equation of the locus of points f as far from 
(—2, 1) as from y=2a;, and trace the curve. 
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133. An equation 

ax^ + bxy+cy^+dx+ey-\-f=:Oy 

if J*— 4ac<0, ordinarily represents an ellipse; if 5 = and fl=c, 
it represents a circle, and it may happen that y is real for only 
one real value of x, or for none ; in the first case the equation rep- 
resents a single point, or niUl ellipsCj in the second, an imagi- 
nary ellipse. 

If 6*— 4ac=0, the equation ordinarily represents a pao'abola, 
but it may happen to represent two parallel or two coincident 
straight lines. 

If 6^— 4ac>0, the equation ordinarily represents a hyperbola, 
but it may happen to represent two intersecting straight lines. 

Miscellaneous Examples. 

Trace the following: 

1. 2^-2iry+a^-2y-ir+4=0. 

2. 4a;2-12ay+13y* + 24iF-52y+16 = 0. 

3. ic*— a:y=3 and y^+xy =10, showing intersections. 

4. x^—y^ = and 3jr*— 4iry+5y*=9, showing intersections. 

5. 5a;^+4ay— y* + 4y— 8a;— 5=0. 

6. 4y*-4a:y+a:* + 8y-12ir-12=0. 

7. 5a;^+4y* + 4ay+4y-8a:-5=0. 

8. 4a:2 + 492^-28a:y+12a;-42y+9 = 0. 

9. 4t/*-4a:y+17a:^-8y + 132a; +196 = 0. 

10. 4a;*+492^-28ay+16a:-562^+15 = 0. 

11. 2a;^+a:y-6y*-6a;+16y-8=0. 

12. 4x2-4a;y+2y^-8a:+2y-4=0. 

13. 10a;^-51a:y + 5y* + 70a;-60y+100 = 0. 

14. 162r'-16a:y+13a:2-32y-2a:-ll = 0. 

15. y^'-2xy+xi^-2x-2y+4:=0. 

16. 5a:2 + 8a:2^+4y2-21a;-20y+19=0. 

17. 4ar^-16a:y+16j^ + 36a;+24j^-23=0. 

18. y*-a:y-y+3a;-6=0. 
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19. ay+2a?— 4y=0. 

20. xy+x^=3y. 

21. xy-{-x^-2y^'-Sx=0. 

22. 4y*+4a:y+a;*-a:-4=0. 

23. 4j^-4iry+5a:* + 8y-28a:+40=0. 

24. 2y^ + 7icy-4a;2-6ir+3y-5 = 0. 

25. 3a:2-5xy-2t/2 + 6a;-52^-3 = 0. 

26. 4y^-4a;y+65ar' + 8y-68ir-236 = 0. 

27. 2a;*-2a;y+y2 + 2ic-4y+l = 0. 

28. y*+a:y-2a:^-4y-2x+8=0. 

29. y2-2a;y+a:* + 20y-21a?+75=0. 



CHAPTEE VIII. 

Ukdetbrmined Coefficients 

134. We have several times had occasion to determine a 
function when we knew its general form and one or more of its 
values. For instance, in finding the equation of a line through 
a given point parallel or perpendicular to a given straight line, 
we knew the general form of the equation to be y=mx+b, and 
from the given conditions we determined the values of the con- 
stants m and b. We used the same method in finding the tan- 
gent to a circle from an outside point, and in determining the 
asymptotes of a hyperbola. (Arts. 117 and 128.) 

When a function is assumed with coeflScients which are to be 
determined from given conditions, the coefficients are called un- 
determined coefficients. 

In the example cited, m and I are undetermined coefficients 
in the function mx+b. 

135. The method of undetermined coefficients is useful even 
when we do not know precisely the general form of the desired 
function, for we can apply it to any form that seems probable 
and then test the results for accuracy. For instance, suppose we 
think that x^ + ^a:* — 35a:^ + 12a:— 1 may have factors of the form 
(x^ + ax—l) (od^ + bx+l). We assume the identity. 

ai^+2a^S5a^+12x'-l= (x^+ax-l) (a^+bx+1), 

which expresses the fact that its two members are different ex- 
pressions for the same function and are therefore equal for any 
value of X. On this assumption, we have : 
If a:=l, 

-21=a(2 + 6), 
if a:=— 1, 

-49=-a(2-&), 
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whence a=7, 6= —5 and the factors are 

Multiplying these together^ we find tiiat the assumption was 
correct. 

If we treat a:*+2a^— 42a:*+12a?— 1 in precisely the same way, 
we find a=7, 5= — 6, but the product of the factors 

is 

so that, in this case, the assumption is not correct. 

Examples. 

1. Find the equation of the line joining (1, —3) and (—2, 1) 
by assuming it to be y=inx-\-b, and determining m and 6 from 
the fact that each point lies on the line. 

2. Find the tangent to a?*+y^ = 9 throug h (9,7); first, as- 
suming its equation to be y=mx±3^/T+Tn^; second, assuming 
its equation to be y = mx-{-b and determining m and & from the 
facts that (9,7) is on y=inx+h and that the intersections of 
the circle and the line are coincident, so that a^+(mx+b)^^9 
has equal roots, and thus a zero discriminant. 

3. Factor a:*— 3a:' 4- 7a;— 15, assuming the factors to be of the 
form (x^+ax+3){x^ + iX'-5). 

4. Factor a?* + 5a;«-4a:*-27a;+21= (a;«+aa;-3) (ar' + 6a;-7). 

136. Partial Fractions. — ^It is often necessary to transform 
a rational fraction into an equivalent sum of simpler rational 
fractions, called partial fractions. The following rules give as- 
sumptions that will lead to correct results : 

The denominator of a given proper fraction having been fac- 
tored as completely as possible: 

(1) Corresponding to every linear factor x^a, assume a par- 
tial fraction of the form 



x— a 
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(2) Corresponding to any linear factor a?— 5 that occurs more 
than once, assume partial fractions of the form 

one for each repetition of the factor. 

(3) Corresponding to a quadratic factor x^+px+q, assume 
a partial fraction 

Px+Q 
x^+px+q' 

All the coefficients A, B, P and Q are constants. 

Example 1 : For example, suppose we wish to break up 

a;4-13 

into its partial fractions. 
Assume the identity 

g+lS ^ A B 

whence 

a:+13s (a;+3)ii+ (a:-.2)B. 

The two members of this identity represent the same function, 
and so have the same values for any value of x. If we let a; =2, 
and again let a;= — 3, we obtain: 
If a:=2, 

15=64, il = 3; 



if a;=-3. 






10=-5B, B=-2; 


80 that 






a:+13 3 2 



Note that in order to determine one of the coefficients, we 
give X a value that \*^ill cause the other coefficient to drop out. 
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Example 2: As a second example, we will break up 

z{x+iy ~ X '^ x+l'^ {x+iy 

x*+2x-^2^A{x+iy+B^x{x+l)+B^. 

Let 27=0; then 

2=ii; A=2. 
Let a:=— 1; then 

1=-J?,; 5,= -l. 

In order to find B^ substitute the values of A and B^ and 
simplify : 

As one form of the fimction is divisible by a;(ar+l), the other 
must be ; dividing the identity, we find 

and we have 

a:*+2a;+2 2^ _ 1 _ 1 
x{x+iy " X x+l {x+\y* 

Example S: The following example illustrates the use of the 
imaginary t= V — 1 ' Separate 

IsB^xix'+l) +B^{a^+1) + (Px+Q)x^. 

Let x=0; then 

IsJ?,; 

substitute and simplify, dividing out x; then 

-xsB^{x^+l) + {Px+Q)x. 
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Let x=0; then 

substitute^ simplify^ and divide out x; then 

-IsPor+O. 
Let x=:%; then 

whence P=0, ^= — 1, as the real and imaginary parts must be 
separately equal. 
We have 



It must be observed that these methods apply only to fractions 
of which the numerator is of lower degree than the denominator; 
1. e., to proper fractions. An improper fraction must first be 
separated by division into an integral expression plus a proper 
fraction. 

Examples, 
Check your results by summing the partial fractions. 
J 10a; -26 ^ 2a:«-lla;+5 



a^-4a^+x+e' (a;-3)(a:2+2a;-5)' 

o 2a:»+a:*-ir-3 ^ a:* 



x{x-l)(2x+Z)' (x-iy(x'+l)' 

o, -} — z — ^ V « • o. 



(3^-1)'' {x-3){3^+2x-5)' 

*• it*-x'-2' ' ar*-a* * 

- a^—x+2 ^f. — 2x* + 15a:*+15a;— 10 
«*-5«»+4' (x'+x-2y 
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137. Theorem of UndeterxiiixLed Coefficients. — ^The foUowing 
principle is often useful : 

If two polynomials are identical, the coefficient of a/ny power 
of their variable is the same in both. 
This may be seen as fallows: Given 

a-bx+cai^+dx^'{- sA+Bx+Ct^+D3^+ 

Being expressions for the same function^ and therefore equal 
for any value of x, these polynomials are equal when x=0', 
hence 

a=:A, 
and 

6a;+ca:*+da;»+ s5a;+Ca:*+i?ir"+ 

Divide out x; then 

b+cx'^dx^+ = B+Cx+Da^+ .... . 

Again let x=0; then 

b=B, 
and 

cx-{-dx^-^ ^Cx-^Da^-^. .. ., 

or 

c+dx-^- sC+Dx+ 

Proceeding in this way, we see the truth of the proposition above. 
Note that after dividing out x from any one of these identities, 
we still have an identity ; for x is not identically zero ; i. e., zero 
is not the only value x can have. (See Art. 36.) 

138. Partial Fractions by Comparison of Coefficients. — ^This 
theorem can be applied to partial fractions as follows : Separate 

1 ^B, B, Px+Q 
a^{x^+l) - X ^ x^ "^ x^+1 ' 
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or 

Comparing coeflScients^ 5i+P=0, B^-^Q^O, J?i = 0, B2=l, 
whence 

Examples. 
Separate into partial fractions: 

1. . ^ — z . (Compare coefficients.) 

•C^ 'T' X "T" X 

2. ,^ . (Put x= —1 in your identity, simplify the iden- 
tity, and compare coefficients.) 

5qi^-2x 



3. 



4. 



2(a;2-a;+2)(a;^+ir-2) * 

2a:"-lla?+5 
{x-3){x'+2x-6)^ 



CHAPTER IX. 
Series. 

189. Definitions. — Terms following one another, each pro- 
duced from the preceding hy application of the same process, 
or in other words according to the same law, form a series. 

If there is no limit to the mimber of terms that may be 
written in accordance with the law, the series is called an infi- 
nite series; if only a limited number of terms is possible, it is 
called a finite series. A series may be numerical, each of its 
terms being a constant number ; or variable, its terms involving 
some variable quantity. 

Thus the terms of a geometric progression form a series, a 
finite or an infinite series according as we consider a limited or 
an unlimited number of terms. The expansion of (1+x)* by 
the Binomial Theorem is a finite series if n is a positive integer, 
an infinite series if w is fractional or negative. 

140. Power-Scries. — Among the most commonly used series 
are those whose terms are of the form aa^, where a is a constant, 
X the variable, and h an integer, positive or negative. Such a 
series, when its terms are arranged in ascending or descending 
powers of the variable x, is called an ascending or descending 
power-series in x. A polynomial so arranged is a finite power- 
series. 

Examples: 

Infinite ascending power-series : 

Infinite descending power-series : 
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141. Use of Power-Series. — Infinite power-series are used to 
express fractional and irrational algebraic functions and various 
sorts of transcendental functions, because they are simpler than 
the original ; for under certain conditions a power-series may be 
handled as a polynomial, giving results that may be used with 
any required degree of accuracy. 

142. Coefficients of Identical Power-Series. — The Theorem 
of Undetermined Coefficients,, in its application to infinite as 
well as finite power-series, is stated : 

// two power-series in x are identically eqval, the coefficients 
of like powers of x in the two series axe equal. 

The proof is identical with that given in Art. 137 for finite 
power-series, or polynomials. 

143. Summation of Finite Series. — Certain finite series can 
be summed by the method of undetermined coeflBcients; for 
instance, the sum of the squares of the first n integers can be 
found as follows: 

Assume the identity 

12+22+3* -1-4* -I- +fi*sa-|-6fi+cn*+dn«-|-ew*-|- , 

where a,!), c, .... are numbers independent of n, whose values 
are to be determined. As this formula is to be true for any 
number of integers, write it for (n.+ l) integers: 

12-h2*-h3* + 4*+ + n*-h (ri+1)* 

sa+6(f^+l)+c(r^+l)*+(^(y^+l)•+e(f^+l)*+ 

Subtracting the first identity, 

n*+2n+l 

s6-hc(2n + l)+(?(3fi*-h3fi+l)+c(4n«+ ) + ^ 
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Comparing coeflScients, we see that e and all subaeqnent coeflB- 
cients must be zero^ and that 

whence 

6=i^ c=i, df=i. 
1*+2H3H +n2sa+i(n+3n.*+2fi»). 

Putting n=0 in the original identity or putting fi.= l (or any 
other integer) in the last identity, we get a=0, so that 

12+2H3«+4»+ .... +n»s I (n+1) (2n+l). 

Find, by the method of undetermined coefficients, the sum of 
n terms of the following series (the dot is used for a multiplica- 
tion sign) : 

1. 1 • 2+2 • 3 + 3 -4+ to n terma. 

Ans. |.(n+l)(n+2). 

2. l* + 3* + 5*+.... + (2n-l)2 (n terms). 

Ans. -^(2n-l)(2n+l). 



3 

3. l«+2«+3»+ to n terms. Ans. 



• [|(^+1)J. 



4. l» + 3» + 5»+ to n terms. Ans. n*(2n*-l). 

5. 1- 2- 3+2- 3 -4 + 3 -4- 5+ to n terms. 

4tw. Y (w+1) (n+2) (n+3). 

6. 1- 3- 5 + 3 -5- 7+5- 7- 9+ to n terms. 

Ans. n(n+2) (2n*+4n-l). 

7. 1-2 + 3 -4+5. 6+ ton terms. 

Ans. Y(»+l)(4n-l). 

.8. 1 . 2*+2 . 3»+3 • 42+ to n terms. 

Ans. j|(n+l)(n+2)(3n+5). 
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144. Expansion in Series by Undetermined Coefficients. — 

When we attempt to find the quotient j-^-- or the root yl+x, 

either by the elementary processes or by using the Binomial 
Theorem, we develop ^n infinite series ; this is called expanding 
the given function into an infinite series. The results are some- 
times more easily obtained by the use of undetermined coeffi- 
cients; the process is illustrated in the following examples: 

Example 1 : Expand y^-— to four terms. 
Assume 



-r — ^sa+ix+cQi^-\-dx^'^ 

1 — 0? 



Then 



x-hc 
-6 



x^-{-d 
— c 



a? + 



l+x^a^-h 
—a 

Comparing coefficients, 

a=l, 6— a=l, c~6 = 0, df— c=0; 

fl=l, 6=a+l = 2, c=6 = 2, d=c=2. 
Hence 

^"^^ sl+2a:+2a:2+2a;»-h 



l-x 



Example 2: Expand Vl+a? to four terms. 
Assume 

y/l+x = a'\'hx+ca?-\-da^-{- . . . 
Then 

iH-jTsa* 

Comparing coefficients, 
0^=1, 2a6 = l, 

_ 1 



+2a6 



X'\- h^ 


7? 


+ 2ac 


+ 2ad 




+ 2bc 



X 



3 



2ac+b'=0, 2lc+2ad=0; 



V 



be 



a=±l,6=^ = =.A,c=--^==,-|-,d=-^^ = 



2a 



2a 



8 



a 



16 
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Hence 



^/l+x 



•A 



^2 8 
Examples. 






Expend by the method of undetermined coefficients : 

1. TT-. — K to four terms, and check by division. 

Ana. l-2a;+2a:*--2rF«+ 

2. '^l—a; to four terms, and check by the Binomial Theorem. 



X 



Ans. 1--^- 



x^ 



6a;* 



3. 



l-8a: 



3 9 81 

to four terms, and check first by division, next 



l-a;-6a;« 

by separation into partial fractions and expansion of each frac- 
tion by the Binomial Theorem. Ana. 1 — 7a: — a;* — 43a:* — 

145. Beveiuon of Series, — ^When an identity y=f{x) is solved 
BO that X is expressed as a fimction of y, the function f{x) is 
said to be reverted. The reversion, when f{x) is a series, is per- 
formed by undetermined coefficients as in the following ex- 
amples : 

Example 1 : Bevert the series 



y=a:— ia:* + ia:*— ia?*-h . . . . 



to four terms. 
Assume 

then 



xsay-{-hy^+cy^+dy^+ ....; 



a^ "t" • • • • 



a 


^ 3 


"-i 


+ b 


- b 


+1 


• +r 


+1 


Se 
2 






+ d 
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whence 



^=^+ "F 1" ¥ 



Example 2: Eevert the series 

/f!t /wtS m9 

y^l+x+^ + ^ + ^ + 

An attempt to develop this in the form 

x=a+hy+cy^ + dy^+ 

will fail. But assume 

x^a{y^l)+b{y-iy+c{f/-iy + d(y^iy +....; 
then 



x=az+ 



a 



2 
+ b 



whence 

X 



^ 6 


"+24 


+ b 


+ 1 


+ c 


b 
+ 1 




^ 2 




+ d 



X "t" • • • • 



.^,-»-ii^^i!^-iS^ + 



Kevert the series : 



2. y-:r-^+-g 



12 



Examples, 



— .... to three terms. 

Arts. a?sy+^+-X + 



15 



— . . . . to three terms. 



Ans. ^^y+^ + -^ + 
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3. ysl-^ + l^-^ + .... to three terma. 

Ans. x^ -l(y-l) +|(y-l)»-|f (y-l)«+ 

4. ysl+x+3^+2^+x*+ .... to four termB. 

Ans. a:s(y-l)-(y-l)»+(y-l)»-(y-l)*+ 

5. y=aa;+a!* to five terms. 

a L o* a* o^ a" J 



6. Given x^-hpx-^q^O, from the results of Example 5 write 
X in terms of p and q. 



""•■ '=-f[i-i+'(f)'— ■•]• 



7. Apply the result of Example 6 to find a root of 

a:" -6.75a; +1.75 = 0. 

.„..= ^[.+ (|^)+3(^)V....]=o..ami.. 

146. Difference Hethod of Series. — If in a given series we 
subtract each term from the succeeding one^ there results a 
second series, the terms of which are called first differences. 

A third series may be formed in the same way from the 
second, its terms forming the second differences. 

If the process results finally in a series each term of which is 
very small, or zero, the original series is said to be differenced. 

Example: The cubes of the natural numbers and the com- 
mon logarithms to five places of the numbers 60, 61, 62, etc., 
form the following series of diflPerences: 



/(^) 


Dt 


D, 


D, 


D. 


1 


7 


12 


6 





8 


19 


18 


6 





27 


37 


24 


6 




64 


61 


30 






125 


91 








216 
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No. 

60 
61 
62 
63 
64 
65 
66 



log. 

1.77815 
1.78533 
1.79239 
1.79934 
1.80618 
1.81291 
1.81954 



0.00718 
706 
695 
684 
673 

0.00653 



0.00012 
11 
11 
11 

0.00010 



+ 0.00001 



+ 0.00001 



In general, if the series is Ti, Tj, T^, T, 



A9 






-r,+rti 



Ti-ZTrl-ra 

r4-«r6+r. 



— ri+8ri-8rrfr4 
-rr^8r3-^8r4+n 
-rrl-8r4-8r6+re 



ri-4rr4-8rr-4r4+r» 
rf-42Vf«r4-4r»+r« 



Ustn^ </ie Z> aSove each series of differences to denote the first 
term of that series, we have : 



ih — ri+ T,. 

D4- ri-4rd- err- 4r4+ Tj. 

A— Ti+sra-lOTrhlOTr-Srs+ro. 



r,=ri+2Di+ A 

r4=ri+8Di+ 8Z>rf A. 
r6==ri-MA+ «A+ 4Af A 
r.-ri+6A+10A4-iOA4-BA+A. 



The numerical coeflBcients in these expressions for T^, T^, T^, 
T^, T^ are the coeflScients in the expansions of (1+a;)®, (1+a;)^, 
(l+a?)^, (1+a;)*, (1+a;)*. It can be proved that: 

In general, the (n.+ l)th term of the series is 



I n(n-l)(n-2)(n-3) jy 
where the coefBcients are those of the expansion of (l+o;)*. 
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147. Interpolation. — This expression for the nth term after 
the first in the series is applicable whether n is a whole number 
or a fraction, the meaning of the i or f term after the first 
being the term i the way or f the way between the first and 
second, in the sense in which we used these expressions in describ- 
ing the process of interpolation in handling a table of loga- 
rithms. We spoke at that time of the method there described as 
only approximately correct; the formula just written is the exact 
interpolation formula. When the second differences are zeros, 
as is nearly true in most parts of a logarithmic table, the n-th 
term after the first is given as T^+nD^y the ordinary rule for 
interpolation. For accurate interpolation, more terms of the 
formula above are needed as long as they affect the last decimal 
place desired. 

Example: log 62.3, if we call log 62 the first term, is the 
iT^^term, and ri = 1.79239, 2?i = 0.00695, 2?2= -0.00011; 

log62.3= 1.79239 + A X 0.00695 -h ^ ^^^^ X (-0.00011) 

= 1.79239 
+ 0.002085 
+ 0.000012 

log 62.3= 1.79449, 

as may be verified by the tables. 

148. The formula of Art. 146, besides being useful for inter- 
polation, serves sometimes to determine the law of a series of 
which some terms are known, without the law being at once 
obvious. For this purpose the formula for the nth term la com- 
monly more useful than that for the (n+l)th. It is 



r,=r,+ (r.-i)J,+ (^-y.<g"-^> D3 



(n-l)(n-2){n-S) ^ - . . 
"•■ 1-2.3 • 



•tM 
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For instance^ suppose the numbers of our first example of Art. 
146 were given and we wished to find their law of sequence. We 
should have : 



1 • /© 



(n~l)(n~2)(r^-3) 



+ 7 
-18 

+ 11 



n+6 
-6 



8 «,a . 



n*+n'=n'; 



= 1 

- 7 
+ 12 

- 6 

i. e., each term is the cube of the number of the term. 



149. Summation of Series. — It is evident that the (n+l)th 
term of the series 

(a): 0, Ti, Ti + r^, T^-{.T^+T^^ T^+T^ + r.+r^, .... 
is the sum of the first n terms of the series 

and also that the series of first differences of series (a) is iden- 
tical with series (b), so that any series of differences of (a) is 
the series of differences one earlier for (b) . Hence the sum of 
n terms of series (b) is T„+i of the series (a) ; or 

3n=nT,+ ^^^ D,+ n(n-l)(n-2) ^^^ 



¥ 



¥ 



For instance, the sum of the cubes of the first n positive in- 
tegers (Art. 146) is 



fif. 



, n(n — 1) ^ , n(ti— 1) (ti— 2) 



12 



= -J-{4 + 14(n-l) +8(n-l) (n-2) 

+ (»-l)(»-2)(»-3)}- 
= -^(n+l)». 
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Exaanples. 

Find by the difference method the nth term and the sum of 
n terms of each of the following: 

1. 2, 6, 12, 20, 30, 42, 

An8. r«=n(n+l);5«=^(iH-l)(n+2). 

2. 4, 12, 28, 62, 84, 124, 

Ans. r,=4(n«-n+l);flf.*=^(fi»+2). 

3. 2, 9, 28, 65, 126, 217, 

Ans. r«=n« + l;5«=-j.(n»+2n*+f^+4). 

4. 6, 24, 60, 120, 210, 336, 

Ans. rn=n(n+l)(n+2); 

fif.= ^(n+l)(n+2)(n+3). 

5. 4, 18, 48, 100, 180, 294, 

Ans. r,=n(n+l)'; Sn= ^ (n + 1) (n+2) (37^+6). 

6. 2, 9, 20, 35, 54, 

Ans. r«=(n+l)(2n-l);i8'«=-^(4n*+9n-l). 

7. - 1, 0, 15, 56, 135, 284, 465, 

Ans. r»=n(2n-l)(n-2)jflfn=-^(fH-l)(3n*-7n + l). 

b 

8. Find the term midway between the first and second in Ex- 
ample 6 and Example 7. 

9. Find the sum of the squares of the first n integers, and the 
number half-way between the first and second terms. 

10. Given f(x) sa:* — 5a;*+4a?— 3, show that the fourth order 
of differences of the series /(O), /(I), /(2), /(3), /(4), /(5) is 
zero. Find by interpolation /(2.9) and /(0.5). 

11. Given the series 0.5176, 0.6840, 0.8452, 1.0000, 1.1472, 
1.2856, the lengths of the chords subtending 30, 40, 50, 60, 70 
and 80° at the center of a circle of radius 1.0000; difference the 
series, and by interpolation find to four decimals the chords cor- 
responding to 36** and 46**. Ans. 0.6014 and 0.7814. 
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ISO. Sum of an Infinite Series — Convergence and Divergence. 

— In the case of the infinite geometric series, 

a, cur, ar^y ar^, . . . ., 
we have seen that if the common ratio r is less than unity in 
numerical value, the sum of n terms approaches a definite limit 
as n is indefinitely increased, or, in formulae. 



S. 



fl(l— r") "j __ a 



151. Definitions. — ^When Sn, the sum of n terms of a series, 
approaches a definite limit 8 as the number of terms, n, is inde- 
finitely increased, the value 8 is called the sum of the series. 
The series is said to be convergent, and to converge toward the 
number 8. 

Any series which is not thus convergent is called a divergent 
series. Por example, a geometric progression in which r is nu- 
merically greater than unity is divergent because /8n=a . 

r— 1 

can be made greater than any assignable quantity by malring n 
large enough. 

152. Convergence Unaffected by Omitted Terms. — It is evi- 
dent that if the first few terms of an infinite series be removed, 
the infinite series left will converge or diverge according as the 
original series converges or diverges, and vice versa. 

153. Absolutely Converg^t Series. — A convergent series 
which contains only positive terms, or a convergent series which 
remains convergent after the signs of all its negative term^ are 
changed, is called an absolutely convergent series, and is said to 
converge absolutely. 

For instance, 10, —5, f, — |, |, — i^, etc., is a geometric 
progression of which the common ratio, — ^, is > — 1 and <1, 
and is therefore convergent. Moreover, since the series 10, 5, 
yj h h • • • • ^ ftlso convergent, the first series converges abso- 
lutely. 
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154. Altemajking Series. — If the terms of an infinite series 
eventually alternate in sign, and become smaller and smaller the 
further the series progresses, the n-th term approaching zero as 
a limit as nis indefinitely increased, the series is convergent. 

This proposition is almost self-evident; the general proof is 
the same as for the following example: 

Consider the series 1, — i, J, —J, i, — ^, 

flf»=l-i+i-i+....±i. 

n 

Plot points to represent the successive values of 8%: 

1 



1 



iSj 8^8^ iOj 8^ iS^i 

The odd 8^b move toward the lef t> the even toward the right ; 

the difiFerence between the inner two at any time is equal to the 

numerical value of the term last taken (i. e., =-when n terms 

have been taken) ^ and so approaches zero as n is indefinitely 
increased. The intermediate value upon which the 8's are clos- 
ing in is the sum^ 8, of the series. If the terms did not alternate 
at the starts the discussion would be the same^ the sum of the 
terms before the alternating begins taking the place of in the 
figure. 

A similar study of the series 2, — IJ, 1 J, — li, .... shows 
that, though its terms alternate in sign and decrease constantly, 
it is an oscillating divergent series, because its nth term does not 
approach zero as a limit as n>= oo. 

The series 1, — i, i, —h h "~i> • • • • is not absolutely con- 
vergent, because the series 1, i, i> i, .... diverges, as appears 
if we group its terms as follows: 

4 + i>2(i), ori; 
4 + i + 4 + 4>4(i), ori; 
i+-^+ +^+^>^(ih)> or i ; and so on. 
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Out of the terms of this series, we can take as many groups 
of terms as we please, each group amounting to more than i; 
consequently, we can make 8n as large as we please by taking 
n large enough. 

155. Begion and limits of Convei^enoe. — We have seen what 
is meant by the convergence or divergence of a numerical series; 
when the variable of a variable series is given a particular con- 
stant value, the resulting numerical series may, in most cases, 
be either convergent or divergent, according to the value of tiie 
constant so substituted* For instance, we know that the geo- 
metric series 3a: -I- 3a;* + 3a:* -f ... . will furnish a convergent series 
if any positive or negative proper fraction be put in place of x, 
but a divergent series if any other number be substituted for x. 

The values of its varidble for which a variable series becomes 
convergent form its region of cotwergence; the boimdaries of 
this region are called its limits of convergence. 

A series may or may not converge for its limits of convergence; 
in the case of the geometric series, the limits of convergence are 
— 1 and + 1, for which values the series diverges. 

156. Use of Convergent Series. — The sum of a variable infi- 
nite series has a definite value for every value of the variable 
within the region of con/vergence; and so, within that region, 
expresses a function of the variable. Outside of that region, the 
series has no sum and no meaning, and is useless. 

The sum of the first few terms of an infinite series is a poly- 
nomial; it can be shown that if the series is absolutely con- 
vergent, the results obtained by using this polynomial are ap- 
proximately the same as if the function defined by the whole 
series had been used. The approximation can be made as close 
as desired by taking enough terms. In this way, when a func- 
tion is expanded into a series, its value can be computed for 
any given value of its variable; expressions can also be formed 
for the sum, product, quotient, etc., of any functions expressed 
in series. 
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As series are simpler and easier to handle than any other ex- 
pression for some functions^ and are the only means of express- 
ing others, they are very important. Most of the practical work 
of mathematics is performed with the aid of series. 

A series that converges, but not absolutely, is of little use ; its 
sum can be changed by merely rearranging its terms; moreoyer, 
such a series converges very slowly. 

Examph. 
Expand • /" (by actual division) into a series in two ways^ 

getting %^^sl+x-x*+3^-a!'+.... and ?2±1 s2--l- + 
* ^ 1+x x+1 X ^ 

l._J_.i 

S? 2? QC^ 

Show that the region of convergence of the first series is 
between —1 and +1, and the region of convergence of the 
second series is outside of this. Compare the values of 8^ of the 

first series with the values of ^ ^ when a?=i, 0.1, 0.01, re- 

spectively, and the values of 8^ of the second series with the 

values of ,"^ when a: =2, 10, 100, respectively. 
l-\-x 

157. Batio of Convergence. — ^The notation introduced in the 
study of the progressions is used for all series; namely, Tjc for 

the Hh term, T^, T^, T^y for the first, second, third, 

terms, 

^«ln=«='^* or simply 8. 
The ratio of any term, T^^j, to the next preceding, Tn, is 
called the raiio of convergence, or the test-ratio of the series; it 
is represented by r». 

' n rfr~ • 

J- n 
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158. Tests for Convergence. — From what we have already 
seen, an obvious necessary test for convergence is that the value 
of an individual term shall approach zero as a limit as we go 
indefinitely further out in the series ; i. e., that 

Unless, in addition, the signs of the terms of the series alternate, 
this is not sufficient for convergence, and even then does not 
ensure absolute convergence. 

Consider the test-ratio, or ratio of convergence, 

'n — ""m • 
-^ n 

This commonly varies as we take terms at different places, and 
we shall show that if, as we go further and further out in the 
series, it approaches a limit numerically less than 1, the series 
will converge absolutely; if it approaches a limit numerically 
greater than 1, or increases without limit, Ihe series will diverge; 
if it approaches 1 or —1 as a limit, the series may either con- 
verge or diverge. 

159. Comparison-Test. — First, if we have two series, 

Hf H> *8> ^^> . • . • 

and 

the second of which is known to be convergent, and if each term 
of the first series is numerically less than the corresponding 
term of the second series, then it is evident that the first series 
is convergent. 

For instance, since 

i+4+(i)'+(i)«+(i)*+.... 

is convergent, it is evident that 

i+4a)+i(i)*+iQ)'+*(i)*+..-. 

is also convergent. 
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The test by means of the ratio of convergence is derived by 
comparing any given series with a geometric progression. 

Oiven any series 

and supposing that from the ith term on, the ratio of converg- 
ence is numerically less than some constant number a which 
itself is numerically less than 1 (i e., ri,<a<l), then the series 
(1) is convergent, for 

^i<a, or Tk^i<aTn; 

^<a, or Tk-^2<aTk^i<a^Tk; 

and so on. 
Each term of the series 

Tk, Tk+if Tk+2t ^*+8, • • . • (2) 

is numerically less than the corresponding term of the series 

aTk, a^n, fl'Tfc, a^Ti, .... (3) 

The series (3) is a geometric progression with common ratio 
a numerically less than 1, and so is convergent; hence the 
series (2) is convergent, and also the series (1), from which the 
series (2) was obtained by the omission of a definite number of 
terms. 

The second part of the test can be proved by using in a similar 
way the evident principle that if every term of a given series is 
numerically greater than the corresponding term of a divergent 
series, the given series is also divergent. 

When [rn]n=oo= ±1> neither of these comparisons will apply; 
there are in fact both convergent and divergent series for which 

^'s limit is numerically equal to unity. 
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160. Test by fhe limit of the Batio of Convei^enoe. — ^This 
test is formulated for reference as follows : 

Tn = -Sr^ I = L, and L numerically <1, series converges, 
fn = -m^ = L\ and 1/ numerically >1, series diverges. 



[ 
[ 



|n»»oo 



rr„ = %y1 -±l, no teat 



Examples. 

Test the following series for convergence, giving the region of 
convergence: 

1. l+nx+n{n-l)^+n{n-l){n-2)^+.... 

+ T-^i + ^^- -i<^<i- 

3. a:--^ + y-^ + Afus. -l<a;<l. 

4. a;+ -y + -y + -y + 4r^. -l<iP<l. 

^ 1 . _J__4._J__4. 

^- 2a;+l "^ 3(2a;+l)» ^ 6(2a:+l)» ^ 

4fw. x>0 or < — 1. 

6. a:--g- +-^--^ + Ans. -oo<a;< + oo. 



» a:* x^ 



ilfw. — l<rr<l. 



ft ^ x- . ar x^ , 

^- "i" " 3x» "^ 6x* 7x^ ^ 

ilfw. a:< — 1 or > + l. 

i^r^ <?^ &X^ 

10. l+ca;+^ + -p- +-U- + A.ns. -oo<a;<oo. 
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161. The Exponential Theorem. — ^The exponential function^ 
a', in which x is the variable and a is any constant, is expanded 
into an ascending power-series as follows : 

Assume 

a'^l-\-cx-\-da^+eQ?-\- (1) 

As this is an identity, x can be replaced by any number; write 
2x for x: 

a*'s64-2ca:+4Ja:*+8ea:«+ (2) 

But also {a'Y^af'i 

a«" = 6« + e'hL* + d*x* + «*«• + (8) 

+ 26caf+26dx« + 25«« + 26/x* + 26^ + 26Ax«+ 

+ 2«lx'+ 2c««* + 2c/x* + 2<jjr««+ . . . . 
+ 2d«5» + 2<^««+.... 

and 80 on. 

Comparing coefficients in (2) and (3) : 



5*=5. 


6=1. 






26c— 2c. 


Cz=C. 






2M + c«=4d. 


^= 2 = e^ • 
e- *' - "^ 

•~ 6 - J3 • 






2cd+2&c=8c. 






2c« + 26/+<P=16/. 




^ c* c* 

24 ~ |4 • 


2(fc + 2c/+ 26^=82^. 


80,= 4+4; 




c* c* 
^ 120 - J5 • 

A *^ ** 
■" 720 ~ "g" • 


2(f/+ 2c^ + 26A + c*=64A. 


c> c> 
«2*= 24 "^ 60 -^ 


86 ' 



We have so far been able to determine the desired coefficients 
only in terms of one of their own number, c, which is itself still 
undetermined. 

We have 
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This series converges for any value of x; and if we put x= 



we find 



- Ill 



^ - 13 - |4 

The value of this numerical series is represented by e; the 
computation of e to five decimals is as follows : 

2.000000 
i-= .500000; -^3 = 



-T-4= 



-|^= .166667 

i= .041667 

B 

i-= .008333 
-i= .001389 
4= .000198 



-^= .000025; 4-9= 



H-6 = 



-7-6= 



-^7= 



-^8= 



19 



= .000003 



e = 2.71828 
Now since a^=^e, 

c = logs a, 

and the value of c is definitely determined. 

The use of the variable as an exponent has introduced a new 
function, of the utmost importance in mechanics and physics, 
the treatment of which is impossible without the use of infinite 
series. 
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We have finally, 

(xlog,ay 
-I f^j r . . • ., 

where 

6=1 + 1 + -jl +-|^ + ^- + =2.71828, approx. 

In particular, Binee loge e=l, 

^■^^p ^^f^^ ^f^^ 



162. The Logaiifhmic Series. — Expanding (l+a;)" by both 
the Binomial Theorem and the Exponential Theorem, we have 

(i+a:)v^i+yx+»(y^ x*+ y(y-i)(y-2) a:« 

+ y(y-i)(y-2)(y-3) ^(. 

(l+a;)«'sl+ylog,(l+x) + -^[log,(l+a:)]« 

+ -|-[log.(l+a;)]«+ 

These series are identical, so the coefficient of y is the same in 
both: in the second, it is log«(l+a:) ; in the first, it is 

-l)(-2)(-3) ^«^ 

Hence 

log,(l+a;)^x-^+|-._-^ + (1) 

This series is convergent if x is numerically less than 1, and 
so will give the logarithm to the base e (the naiwral or hyperbolic 
logarithm) of any number from to 2. It converges slowly, 
except for values of x near 0. 



.+ i:|l«.^X.i^^^I=lK| 
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Eeplacing a: by —a;, we find 

loge(l-a:)s-a:--|- - — -^ -....; (2) 

1 I y 

and since log ^=-^- slog(l+a;) — log(l— a;), 

X —3/ 

This series converges for any value of x between —1 and 1, 
and so will give the natural logarithm of any positive number, 
but its convergence is slow unless x is small, 

COMPUTATION OF NATURAL LOGARITHMS. 

For the computation of natural logarithms, we may put 

- - = - , which rives, when solved, a;= ^^ in terms of 

l—x n e * 2ft+l 

n; then 

1^^ n+1 ^of 1 , 1 , 1 , "I 

loge ^ =^L2f^+l"^3(2r^+l)«"^5(2n + l)»"^"J' 
or 

log,(n+l)^log.n+2[^ + 3p;^^ 

+ 5(2fi+l)»+7(2fi+l)^ + -"*J' ^^^ 
This series converges for any positive value of n. 

We know that log« 1 = 0; we can therefore find the logarithm 
of any positive integer as indicated below : 

logo 2= (log. 1=0) +2 [I + 373; + 573-. + yTg-, + . . . .] , 

log,3= log.2 +3[|+3^ + 5^. + ^.+.--], 
log.4=log,3 +2[j+3l^ + ^.+^, 

+ ....1=2 log, 2, 

and so on. 
13 
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This computation is checked whenever the logarithm of a com- 
posite numiber is found hoth hy series and by adding the loga- 
rithms of its factors. The computation of log«2 is given to 
show the method : 

i 0.33333333: 1 0.33333333 

ay 0.03703704: 3 1234568 

(i)» 411523: 5 82305 

ay 45725: 7 6532 

ay 5081: 9 565 

(i)" 565:11 51 

(i)" 63:13 5 

0.34657359 
loga 2= .6931472 
In a similar way, we find log« 5 = 1.6094379 

Adding these, we find log« 10=2.3025851 

163. Computation of Common or Brig^ Logarithms. Hodu- 
lus. — ^We have 

loga X , 

that is, the logarithm of any number to the base a is found by 

multiplying the natural logarithm of the number by :j =logo e. 

This multiplier is called ihe moduLua of the system of loga- 
rithms having the base a. 

In particular, the modulus of the common system, usually 
denoted by ft, is 

loge 10 2.3025851 
logio arsft loge a; s 0.434294 loge x, approx. 
For instance, 

logio 2 = 0.434294 X 0.693147 = 0.301030. 
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Ea^mples. 

1. Compute loge 3 to 7 places by putting n = 2 in series (4) 
and again by putting n=8. 

2. Compute loge 5 to 7 places. 

3. Compute log« 10 to 7 places, using loge 3. 

4. Compute loge 7 to 7 places. 
6. Compute loge 11 to 7 places. 

6. Find the value of — from the series for e*. 

e 

7. Find the value of e* from the series for e', and check the 
work by (2.71828+)*. 

8. Expand (1+ — j to six terms, and show that 

"(-i)"L-_ 

9. B^a (l+ 1)- _ . [(l+ i)- J^_ , ^ (!,«, de. 

rive e*. 

10. Express l(e**+e"*') as an ascending power-series. (t= 

4 

11. Expiess-r- («*•—«•*•) as an ascending power-series. 

12. If ysloge(l+iF), show that x^e^—l; then by reverting 
the series x^y-h w" + ^ + TT'^ "" ^^ ^^^^ terms of 
loge (l+«)- 



f»-<9 



CHAPTEK X. 

Choicb and Chancb. 

164, Choice. — We have seen (Art. 49) that out of n different 
things, s may be chosen at a time in nPa different permutations, 
or nCa different comfcinations, where 

^,=n(»--l) {n-2) .... (n-s+1) = ,-fe-, 

\n — 8 

/7 _ l!L _ n(n— 1) (n—2) (n^s+l) _ p 

»C/|» = 1. 

165. Permutations of n Things, of Which p are Alike of 
One Kind and g are Alike of Another Kind. — Suppose all such 
permutations to be made, x in number, and in each one a dis- 
tinguishing mark to be put on each of the similar things, so as 
to make all the n things different; thus, if there are p of the kind 
a, and q of the kind b, like things would be a^Oz . . . . Op, &1&2 • • • • Z^g- 
Then from any one of the x permutations we could make \£ 
different arrangements without altering the position of any of 
the remaining letters; and hence we could make rr|£ permuta- 
tions out of the original x. 

Similarly of the q letters 6, when marked, we could make 
rcJ£« [2 permutations out of the preceding x\2. 

With the marks, the n letters are now all different, and admit 
of [n permutations, hence 

x\p [2= \n, 

x= ^ 
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The same method would lead, if extended to three kinds of 
letters, to the formula 

EoMxmples. 

1. How many different arrangements can be made out of the 
letters in a^b^c^, written out at full length? Ans. 1260. 

2. How many arrangements can be made with 15 poker-chips, 

4 being red, 5 blue, and 6 white? Ans. 630630. 

3. With 3 black, 3 red and 2 white flags, how many signals 
can be made by putting all the flags up at once? Ans. 560. 

4. In how many ways can 10 men be divided into squads of 
(a) 3 and 7; (b) 1, 2 and 7; (c) 1, 2, 3, and 4? 

Ans. (a) 120; (b) 360; (c) 12600. 

5. In how many ways can 10 men be divided into a squad of 

5 for duty in the trenches and a squad of 5 for guard duty ? In 
how many ways into two indifferent squads of 5 each ? 

Ans. 252 and 126. 

6. In how many ways can a pack of 52 playing-cards be di- 
vided equally among four players? In how many ways into 4 
piles, the arrangement of the piles being indifferent? 



Ans. 



52 ^„A 152 



and 



7. In. how many ways can a king, a queen and a knave be 
chosen from a pack of playing-cards? Ans. 64. 

166. Probability or Chance. — ^If one of (m+n) events must 
occur, and only one can occur, and if any one of the (m + n) is 
as likely to occur as any other, the probability or cha/nce that 
one of the m events shall occur is defined to be the number 

m 



rti + n 

In order to be consistent, we must then define the chance that 

one of the n events shall occur as — 5_ and the chance that 

m+n 

one of the (m+n) events shall occur as — i— , or 1. As by 
^ ^ m+n' ^ 
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hypoiheeifl one of the (m+n) events must occur^ the definition 
gives unity as the chance of a certainty; any other chance is a 
proper fraction — except the chance of an impossibility, which is 
zero^ being the limiting case of an indefinitely diminishing 
chance. 

Example: If 3 black balls and 2 red balls are shaken up in 
a bag, and one is drawn at random, the chance that a black ball 
be drawn is f , and the chance that a red ball be drawn is f . 

If the occurrence of any one of the m events above insures the 
occurrence of an event E, and the occurrence of any one of the 
n events prevents the occurrence of E, and if no other event has 

any infiuence on the occurrence of E, the chance — ; — is the 

m-\-ii 

chance of success for E, and the chance is the chance of 

m-{-n 

failure for E. 

The sum of the chances of success and of failure for any 
event is unity. 

AM mm 

The value — > is called the odds in favor of the event E: — 
n ' ^ m 

the odds against the event E. 

In the fall of 2 dice, 36 events are possible; for, calling the 
dice A and B, any one of the 6 faces of A may come up with 
any one of the 6 faces of B. The chance of success in an at- 
tempt to make a total of 8 in a single throw is therefore -j/^; 
because each of the 5 events A6, B2 ; A5, B3; Ai, B4; AS, B5; 
A2, B6 insures success, and any one of the other 31 insures 
failure. The chance of failure is«fj^. The chance of the dice 
falling somehow is 1 ; the chance of their not falling at all is 0. 
The odds for the event are 5 to 31 ; against the event, 31 to 5. 

Events are independent if the success or failure of one has 
no effect on the success or failure of any other. For example, 
in a throw of two dice, the event of any particular number com- 
ing up on one of the dice is independent of the event of any 
particular number coming up on the other die. 
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Events are mviually exclusive if only one of them can happen; 
that is, if the sueeess of any one necessitates the failure of every 
other. For example, in a throw of a single die, the coming up 
of one number excludes the coming up of any other; any two or 
more of the counts 1, 2, 3, 4, 5, 6 in a throw of a single die are 
mutually exclusive events. 

Events neither independent nor mutually exclusive are de- 
pendent. Success in drawing at random for an ace in a pack 
of cards is affected by every card drawn out of the pack (and 
not returned) ; that is, the success of any drawing is dependent 
upon the preceding drawings. The chance of success in an 
attempt to draw at random 1 of the 4 aces from a pack of 52 
cards is, at the first drawing, g^; if the card drawn is not an ace, 
the chance of success in the second drawing is greater; namely, 
3^ ; if the card taken in the first drawing is an ace, the chance 
of success in the second drawing is less, namely, ■^. 

187. Method of Computing a Chance. — ^In order to determine 
the chance of success of any event directly, it is necessary: 

(1) To count all the events which aflfect the happening of 
the given event, finding that there are, say, N of them. 

(2) To count all the events that insure the success of the 
given event, finding, say, M of them. 

(3) To make sure that all the events thus considered are 
equally probable. 

(4) To divide Mhy N, -^ being the required chance. 

In many cases, the necessary counting is best done by applica- 
tion of the principles of permutations and combinations. 

For instance, the 52 cards of a pack are thoroughly shuffled; 
what is the chance that the 4 aoes are together? |52 arrange- 
ments of the cards are possible. [4 |49 of these arrangements 
have the 4 aces together; any one arrangement is as likely to 
occur as any other, and the arrangement of the cards is all that 
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affectB the happening of the required event; the chance is thus 

[4149 ^ 24 1 _ _J_ 

""152 62 • 51 • 60 ~ 13 • 17 • 25 ■" 6625 ' 
The odds are 6524 to 1 against the event. 

Again^ a company of 20 men is selected by lot from a com- 
pany of 25 men; what is the chance that a particular man be 
chosen? ssCjo different selections may be made; if the par- 
ticular man be omitted from the choice, 2ip2o ^^^7 ^ made. 
The chance of his not being taken is thus 

14^20 
M^20 

or 

124 1 25^ _ A- JL 

l20]4 • 'W\6 - 25 "" 5 • 

The chance of his being taken is ^. 

Excmiples. 

1. Prom a bag containing 3 black balls and 2 red balls, 2 balls 
are drawn at random. What is the chance that they are of the 
same color? Ans. f. 

2. Find independently the chance that the 2 balls of Example 
1 are of different colors. What is the check on the result? 

3. Prom 5 black, 3 red and 2 white balls, 3 are drawn at ran- 
dom. What is the chance that 1 is red and 2 are black ? 

Ans. i- 

4. If 10 persons form a row, what is the chance that a certain 
couple stand together? If they form a ring? Ans. J and -J. 

5. Prom a bag containing 5 white, 3 red, and 4 black balls, 
3 are drawn at random. Knd the odds against all three being 
of one color. Ans. 41 to 3. 

6. Three coins are tossed; what is the chance that they all 
fall heads up ? That 2 do ? That 1 does ? That at least 2 do ? 
That at least 1 does ? Ans. i, f , f , i, J. 

7. Two dice are thrown ; show that the chances of the totals 
2, 3, 4, , 10, 11, 12 are respectively -yV; W> A* > A» 

• • • • > 86 > 9^f TIT' 
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8. Three dice are thrown ; show that the chance of three sixes 
is yfg-; of triplets, •^; of doublets, y\; of a total of 5, -jj^j-; of a 
total of 10 or 11, \. 

9. Thirteen cards are chosen at random from a pack of 52; 
what is the chance that the 4 aces are among them? That they 

are all hearts? Am. j— and '-p^ - 

. 188. Chance Determined by Observation. — ^In all of the fore- 
going discussion, the chance for success of an event appears 
merely as a mathematical idea, arbitrarily defined; it has also, 
however, been found by experiment that in a large number of 
trials the number of successes divided by the total nimiber of 
events will give very closely the mathematical chance. 

For instance, if 1 of 25 cards is marked, and 20 are drawn 
from them at random, it is found that, in 10,000 drawings, the 
marked card will appear in about 8000 drawings and fail to 
appear in the other 2000. Conversely, if, among 10,000 mill- 
operatives of a certain class, an average of 90 a year are killed 
while at work, the chance that a particular operative of this 
class will be killed in the course of any year while at work is 
assumed to be i oVo o " or .009. 

169. Chance of a Compound Event. — It often happens that 
the success of an event may be seen to depend on the success of 
other events of which the chance is known by observation or by 
experiment, or may be computed more readily than the chance 
of success of the first event. In this connection, the following 
principles are used : 

1. If the chance that a certain event shall happen is C^, if 
the chance, after it has happened, that a second event shall hap- 
pen is C2, if the chance after both have happened that a third 
event shall happen is Cg, and so on, then the chance that all the 
events shall happen is the product, CyC^C^, » "^ of the respective 
chances that each shall happen. 
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If the eyents are independent, the stipulation " after the pre- 
ceding events have happened '' has no effect; if the eyents are 
dependent, it is essential. 

2. If, of a number of mviuaUy exclusive events, the chances 
of success are respectively C^, C,, C^, . . . ., the chance thai one 
or another of them will happen is Ci + (7a-fC3+ . . . ., the sum 
of the respective chances. 

To see the reason for the first of these principles, consider 
this example: In every thousand persons living under certain 
conditions, an average of 4 in every year have typhoid fever ; of 
every hundred cases of typhoid an average of 5 are fatal; what 
is the chance that any one person of average constitution living 
under these conditions will die of typhoid in any one year? For 
convenience, consider 100,000 of these persons; .004 of them 
(400) will have typhoid, and of these .05 (20) will die; or, 
more simply, .05 X. 004 of all will die of typhoid. Then the 
chance of death by typhoid will be |o88oo ^r .05 x. 004 =.0002. 
This is obviously merely the chance (.004) that the person shall 
have typhoid multiplied by the chance (.05) that, having it, he 
shall die of it. 

A very simple, but perfectly general, exemplification of the 
second principle is the following: Two dice, A and B, are 
thrown; what is the chance that the total count be either 7 or 
11? Of the 36 possible throws, 6, namely A6, Bl; 45, 52; 
A4, B3; A3, B4; A2, B5; Al, B6, give a total of 7; and 2, 
namely X6, B6; 45, B6, give a total of 11. It clearly makes 
no difference whether we divide the total number of successful 
events (6 + 2) by 36, in order to find the chance of success, or 
add the respective chances (-^ and ■^) of throwing 7 and of 
throwing 11, for 

6+2_^ A 
36 ""36 + 36* 



~y 
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Example. 

1. Three cards are chosen at random from a pack of 52; 
show that the chance of getting an ace, a deuce and a trey is 

2. Four cards are drawn at random from a pack of 52 ; find 
the chance that they are of different suits. Ans. tVoT" 

3. 120 men are to be formed into a solid rectangle, 10 men 
along one side and 12 along the other; all sides of the rectangle 
are equally likely to be in front. What is the chance that any 
one man will be in front? Ans. ytu* 

4. A, B and C draw lots for a prize ; X is to draw with B, the 
winner with C, end the winner of the second drawing is to take 
the prize. What are the chances ? Ans. A i ; 5 i ; C i- 

5. Supposing that every year f of the candidates for admis- 
sion to tiie Naval Academy enter, f of the fourth class, -J-| of the 
third class, and f^ of the second class are promoted, f of the 
first class graduate, and 81 per cent of the Passed Midshipmen 
are commissioned ; what is the chance of a candidate's eventually 
being commissioned? Ans. (Disregarding the possibility of 
trying twice at any stage) 32 per cent. 

170. Example 1: The following example shows the use of 
these principles : Each of 3 men, A, B, and C, is in turn to toss 
3 coins; the round is to be repeated until one tosses 2 heads 
and a tail and wins a prize. What is each man's chance of 
winning the prize? 

The throws of course are independent events, and as each 
of the 3 coins may fall in either of 2 ways, there are 2* different 
events, of which 3 (according as one or another of the three 
coins falls tails) are 2 heads and a tail. 

The chance of success at any one throw is then f of the chance 
that the throw is made. 

The chance of success at the first throw is f ; of failure, f ; 
the chance that the first throw fails and the second succeeds 
is f Xf; the chance that both fail is f Xf; the chance that 
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the first two throws fail and the third succeeds is (S)*Xf; 
the chance that the first three fail is (f)'; and so on. 

The 1st, 4th, 7th, throws belong to A. 

The 2d, 5th, 8th, throws belong to B. 

The 3d, 6tli, 9th, throws belong to C. 

The throws belonging to one man are exclusive events ; hence 
one man's chance of success is the sum of the chances of success 
at his various possible throws : 

For^; f [1+ (f )»+ (f )«+ (f )•+ ....]. 

ForB; f Xf[l+ («)«+(!)•+ (!)•+....]. 
ForC; (S)*x|[l+ (f)»+ (f)«+ (f)*+ . . . .]• 

The chance that even the seventh throw be made (i. e., that 
the first 6 all fail to give 2 heads and a tail) is very small; it 
is (S)S or less than 0.06; still, it is barely conceivable that a 
successful throw will never occur. Hence, to get the total 
chance of each man, we must sum to infinity the geometrical 
progression, for which 

„ _1 512 512 

^•- 1_(|)« ■" 512-125 ~ 387* 

The chances of success for A, B and C are thus : 

8 ^ 387 "" 129 ' 8 ^ 129 "" 129 ' 8 ^ 129 "" 129' 

The events of success for A, B, C, respectively, are exclusive ; 
so that, with an infinite number of rounds, we have, as the 
chance of success of some one of the men, 

^ . 40 25 . 
129 "^ 129 "^ 129 " 

If the prize in this case is a pool of $1.29, it is fair for the 
first thrower to contribute $0.64, the second $0.40, the last 
.25. 



Choice and Chance. 189 

171. Example 2: The following example is somewliat simi- 
lar to the preceding, but involves dependent events. The aces 
and kings are taken from a pack of cards and shuffled. Each of 
two persons, A and B, is to draw a card and keep it; the draw- 
ings are to be repeated in the same order until one person gets 
a heart. What is each person^s chance of drawing a heart? 

As there are 2 hearts among the 8 cards, the chance that A 
will succeed in the first drawing is |; that he will fail, f. In 
case he fails, there are 7 cards left to draw from, with 2 hearts 
among them ; so the chance that B will succeed is f of his chance 
of making the draw, or -f Xf. The chance that B makes his 
draw and fails is f xf , and is the chance that A makes a second 
draw. The chance that A succeeds on his second draw is 
Ix(tXI); that he fails, fxCyXf). So we may go on, the 
chance that the seventh draw will occur being 

l>2>3'4-5-6 _ J^. 
3-4-5-6-7-8 ~28' 

if A gets a chance to make this draw, he is sure to win, as there 
will be only 2 cards left, both hearts. 

The chances of smccess on the seven drawings are mutually 
exclusive, so that the chances of success for A and B are: 

ForB; ^ + 1+^ =|. 

172. Example S: The following example is another illus- 
tration of the chance of a series or combination of events. 

A marksman who makes 80 per cent of hits with a perfect 
rifle is shooting with one which rates 75 per cent of hits under 
perfect conditions. What is his chance of hitting (a) at any 
one shot^ (b) 3 times in 3 shots, (c) just 3 times in 5 shots, 
(d) at least 3 times in 5 shots? 
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The answer to (a) is evidently ^X|=f; and to (b), (f)*=i^. 

In (c)^ he must make 3 hits, the chance of each of which is |, 
and 2 misses, the chance of each of which is f . The chance of 
a single combination of 3 hits and 2 misses is thus (f)'(f)'; 
but there are ^C^=10 such combinations, so the chance is 

10(f)»(f)»=^=.3456. 

In (d), he must hit just 3, 4, or 5 times; the sum of the 
chances of these events is 

= .3456 + .2592 + .07776 = .68256. 

The result for (d) con also be found by first computing his 
chance of failure ; that is, the chance of 3, 4^ or 5 misses, which is 

= .2304 + .0768 + .01024 = .31744. 

The chance of success is 

1-. 31744 =.68256. 

(Note. — Instead of gCg combinations of 3 hits and 2 misses, 
we can count the orders in which the 5 letters hhhmm can be 
arranged.) 

Examples. 

1. A bag contains 6 black balls and 1 red. A person is to 
receive a dollar for every ball he draws at random until he draws 
the red one. What is his chance worth? Ans, $3. 

2. Of 2 chess players, 1 wins on the average 2 games out of 3. 
What is the chance (drawn games being disregarded) that he 
will win just 4 games out of 6 ? Ans. -^i^. 

3. A bag contains 4 black balls and 1 red ball. Every time a 
ball is drawn it is replaced and the bag shaken. What is the 
chance that in 5 drawings the red ball be drawn (a) at least 
once, (b) just once, (c) at least twice, (d) just twice? 

4ns. (a) m\, (b) m. (c) iftVir, (d) Hi- 
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4. A pool of 10 dollars is made up by A, B, C and D. A, B 
and C have each in turn 1 chance at tossing 3 coins; any one of 
them who tosses 2 heads and a tail thereby wins the pool^ which 
otherwise goes to D. What is the value of each man's chance? 

Ans. A% $3.75 ; B% $2.34; O's, $1.4:6 ; D\ $2.44. 

5. A gun-crew makes an average of 2 per cent of hits ; what 
is the chance of its making 2 hits in 100 shots? (Use loga- 
rithms.) Ans. 0.596. 

6. A midshipman gets on the average 4 problems correct out 
of 10. On an examination paper of 8 questions, each of which 
is to be marked zero or perfect, what is his chance of getting a 
satisfactory mark? Ans, Between 0.173 and 0.174. 



